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Nonlinear approximation from
differentiable piecewise polynomials

Oleg Davydov and Pencho Petrushev *

Abstract

We study nonlinear n-term approximation in Ly, (R?) (0 < p < oo) from hierarchical
sequences of stable local bases consisting of differentiable (i.e., C” with r > 1) piece-
wise polynomials (splines). We construct such sequences of bases over multilevel nested
triangulations of R?, which allow arbitrarily sharp angles. To quantize nonlinear 7-
term spline approximation, we introduce and explore a collection of smoothness spaces
(B-spaces). We utilize the B-spaces to prove companion Jackson and Bernstein esti-
mates and then characterize the rates of approximation by interpolation. Even when
applied on uniform triangulations with well-known families of basis functions such as
box splines, these results give a more complete characterization of the approximation
rates than the existing ones involving Besov spaces. Our results can easily be extended
to properly defined multilevel triangulations in R?, d > 2.

1 Introduction

Nonlinear approximation of functions in dimensions d > 1 is a challenging area, especially if
one moves away from tensor product type approaches in order to more adequately approxi-
mate functions with singularities along curves and with other anisotropies. One of the most
natural tools for approximation is piecewise polynomials over triangulations, and a funda-
mental problem is to characterize the rate of nonlinear approximation in L, (0 < p < 00) in
terms of properly defined global smoothness conditions. This problem is disheartening if one
allows the nonlinear approximation to be from any piecewise polynomial over an arbitrary
triangulation. The difficulty stems from the highly nonlinear nature of piecewise polynomials
in dimensions d > 1. For instance, if s; and s, are two piecewise polynomials over n triangles
in R? each, then s; + sy is in general a piecewise polynomial over many more than n (even
> n?) pieces. Therefore, the well-known recipe of proving Jackson and Bernstein estimates
and then applying interpolation is useless.

The problem becomes even harder when differentiable piecewise polynomials are needed,
which, for instance, is the case for numerous practical applications of surface modeling and
for the conforming finite element methods for higher order PDEs. Moreover, there is an
intrinsic demand for differentiability of the approximating tools from the point of view of the
nonlinear approximation theory itself. Indeed, this property, together with local reproduction
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of higher degree polynomials, is crucial for the ability to represent higher order smoothness
spaces, such as classical Sobolev or Besov spaces in regular settings (see Theorem 2.15).
The desirable differentiability of the approximating piecewise polynomials, however, leads to
additional difficulties because of the complicated structure of spaces of multivariate splines.
For example, the dimension is not known and stable local bases are impossible in general
already for the space of all piecewise polynomials of degree < k and smoothness » > 1 with
respect to a finite triangulation of a polygonal domain in R? if & < 3r + 2 [10].

A reasonable alternative to “spline approximation with free triangulations” is to consider
nonlinear n-term approximation from hierarchical sequences of spline bases over multilevel
nested triangulations of R%. (For the sake of simplicity, we shall restrict ourselves in this
article to the case d = 2.) To explain this concept more precisely, consider a sequence
(Tm)mez of partitions of R? into triangles with disjoint interiors such that each level Ty, is
a refinement of the previous one 7,,_1. Let T := J,,c; Tm- We impose certain mild (and
natural) conditions on the triangulations which prevent them from deterioration but still
allow the triangles to change in size, shape, and orientation quickly when moving around at
a given level or through the levels. In particular, triangles with arbitrarily sharp angles may
occur at any location. We denote by S*7(T,,) the set of all r-times differentiable piecewise
polynomials with respect to 7, of degree < k. Given a ladder of spaces

CS8LCSCS Ty, Sy CSH(T), (1.1)

and bases ®,, of S,,,, m € Z, we set & = ¢y = UmeZ ®,,. Using the standard wavelet
terminology, we can describe such a nested sequence of spaces with bases as “spline mul-
tiresolution” (or “multiresolution analysis™).

Consider now the problem for nonlinear (n-term) approximation from the set ¥,, of all
piecewise polynomials of the form s = 2?21 ¢jpj, where ¢; € ® may come from different lev-
els and locations. Once a particular multilevel triangulation has been selected, the variety of
piecewise polynomial approximations significantly reduces. However, a great deal of flexibil-
ity is retained, and the problem remains highly nonlinear. For instance, thin and elongated
basis functions are allowed. On the other hand, the advantages of multilevel approximation
methods can be exploited in full.

Our program consists of the following basic steps:

1. We construct hierarchical sequences of bases (@, )mez on multilevel triangulations sat-
isfying certain requirements of local reqularity allowing anisotropically shaped triangles.

2. To quantify the approximation process, we introduce and develop a family (library) of
smoothness spaces B*(®7) depending on ® and as a consequence on the triangulation
T. We call them B-spaces since they have some resemblance to Besov spaces. So, the
idea is to measure the smoothness of the functions using a family of space scales B*(®)
(which vary with ®7) instead of a single scale of smoothness spaces like the scale of
Besov spaces.

3. We develop a coherent theory of nonlinear n-term approximation from ®+ based on
the idea of proving Jackson and Bernstein estimates and interpolation.



4. We utilize this theory in the development of algorithms for nonlinear piecewise poly-
nomial (spline) approximation which capture the rate of the best approximation.

The logic of the resulting approximation scheme is the following: Suppose {®7}r is a
collection of multilevel sequences of (spline) bases as above.

(i) For a given function f, find the “right” triangulation 7 := 7} such that f exhibits
the most smoothness (sparsity of its representation) when measured via the scale B*(®7).

(ii) Find an optimal or near optimal representation of f using ®7. (Note that ®7 is
redundant, i.e., linearly dependent.)

(iii) Using this representation, run an algorithm for n-term L,-approximation which
achieves the rate of the best n-term approximation.

Naturally, the first step presents the most challenging problem in this scheme. We do
not have a completely satisfactory algorithm for this step. (Note that this problem has a
complete and efficient solution in the simpler case of nonlinear approximation from piecewise
polynomials over dyadic partitions, see [54].) As it will be shown in this article, the other
steps are now well understood and have complete solutions.

The above program has been suggested in [38] and implemented in [38, 39] in the cases
of approximation from discontinuous piecewise polynomials and continuous piecewise linear
functions (r = —1, k > 1, and r = 0, k = 2, where r = —1 corresponds to the discontinuous
case). The simplest example of a hierarchical family of continuous basis functions is the set
of all Courant elements generated by a multilevel nested triangulation 7, that is, the set of
all piecewise linear and continuous functions ®7 = {¢@y} supported on the cells {6} (each 6
is the union of all triangles of a particular level 7, attached to a vertex), see [38].

In the present article, we develop the theory of nonlinear n-term approximation for basis
families consisting of differentiable piecewise polynomials (r > 1). The construction of
such basis functions suitable for application is hampered by the fact that both the classical
differentiable finite elements [14] and the earlier polynomial spline basis constructions on
arbitrary triangulations [1, 8, 16, 17, 18, 35, 36, 44, 48, 57| are difficult to use for our
purposes, see Remark 4.12 and the discussion in §5.3. The stable local spline bases of [27]
can in principle be used in two variables. However, all other arguments of our article are
basically “dimension independent”, and we refrain here from treating the case d > 2 only
for the sake of simplicity and clarity. Therefore, we build upon the nodal spline bases of
[22], which is the only known approach that produces stable local bases for nested spline
spaces on general triangulations in all dimensions. However, these bases are stable only for
triangulations satisfying (in R?) the minimal angle condition. We extend the construction
of [22] to a wider class of strong locally regular triangulations, see §2 for a definition. Note
that the new basis functions are invariant under affine transforms (see Remark 4.9). In the
case r = ( our construction reduces to the classical continuous Lagrange finite elements and
is valid for any locally regular triangulation, see Remark 4.13.

A focal point of our development is the characterization of nonlinear n-term approxi-
mation from families of differentiable spline basis functions, including the development of
B-spaces, proof of Jackson and Bernstein estimates, and characterization of the approxima-
tion spaces by interpolation (see §2 §3). In [39], there are three algorithms developed for
nonlinear n-term approximation in L, (0 < p < oo) from Courant elements. These can be
immediately implemented for n-term approximation from differentiable spline bases, and it



can be shown similarly as in [39] that they achieve the rate of the best approximation. We
do not pursue this goal here.

The B-spaces from the present article can be viewed as a generalization of the “ap-
proximation spaces” from §3.4 of [51] (see also the references therein). More precisely, in
the specific setting of “quasi-uniform partitions” and the basis functions used in [51], our
B-spaces coincide with the approximation spaces of [51].

The theory of nonlinear n-term approximation from box splines (on uniform triangula-
tions) has been developed in [29] (p < oco) and [30] (p = oco) (for nonlinear spline approxi-
mation in dimension d = 1, see [53]). In these articles, direct, inverse, and characterization
theorems have been proved utilizing certain Besov spaces. Even in this case, our results
which utilize B-spaces (in place of Besov spaces) are more complete since they character-
ize nonlinear n-term box spline approximation for all rates of approximation while in the
above-mentioned articles the rate is restricted by the Besov smoothness of the box splines.

There is an apparent connection between our developments here and multilevel finite
element methods for PDEs, see, e.g.,[51]. Therefore, it seems an interesting task to de-
velop finite element algorithms for solving PDEs which achieve the rate of the best n-term
approximation of the solution.

The outline of the article is the following. In §2, we introduce and develop the B-
spaces needed for the characterization of nonlinear approximation for any family of basis
functions with certain properties. In §3, we develop the general theory of nonlinear n-
term approximation from piecewise polynomials, where the global smoothness of functions
is measured by means of our B-spaces. In §4, we construct hierarchical sequences of bases
consisting of differentiable piecewise polynomials. In §5, we review a number of alternative
constructions fitting into our scheme, based on box splines and some other spline bases on
special triangulations. The final §6 is an appendix containing some of the proofs.

Throughout the article, we use the following notation: L!°¢(R?) := C(R?) and L, (R?) :=
Co(R?) := {f € C(R?) : limyoo f(w) = 0}, L := L(R?), 0 < ¢ < 00, C := C(R?),
|- llg == Il - ll,®2), 0 < ¢ < o0; I denotes the set of all algebraic polynomials in two
variables of total degree < k. For any 2 C R?, 1 denotes the characteristic function of €
and |€2| denotes the Lebesgue measure of 2. Positive constants are denoted by ¢, ¢y, ... (they
may vary at every occurrence), « &~ f means c;a < 3 < ¢y, and « = 3 or f =: « stands
for “a is by definition equal to 3”.

2 B-spaces generated by spline multiresolution

In the present section, we introduce and explore the smoothness spaces we need for the char-
acterization of nonlinear n-term spline approximation generated by families of differentiable
basis functions over multilevel nested triangulations.

2.1 Triangulations

In our development, we utilize three types of multilevel nested triangulations. We shall
call each of them simply a triangulation, although such a triangulation does not form a



single partition of R? but rather an infinite nested family of partitions (each of them is a
triangulation of R? in the more commonly used sense).

Let T = {U,,cz Tm be a set of closed triangles in R? with levels Ty,, m € Z. Denote by
Vi the set of all vertices (nodal points) of triangles from 7, and set V := (J, .y, V- We say
that T is a triangulation of R? if the following conditions are fulfilled:

(a) Every level 7, is a set of triangles with disjoint interiors which cover R*: R? =
UAeTm A.

(b) The levels (7,,)mez of T are nested, i.e., T, is a refinement of 7, obtained by splitting
each A € 7T, into subtriangles with disjoint interiors called children of A.

(c¢) Each triangle A € T, has at least two and at most M, children in 7,1, where M, > 2
is a constant independent of m.

(d) No hanging vertices condition: No vertex of any triangle A € T, lies in the interior of
an edge of another triangle from 7,,.

(e) The valence N, of each vertex v € V,, (the number of triangles A € 7, which share v
as a vertex) is < Ny, where [Vy is a constant.

(f) For any compact K C R? and any fixed m € Z, there is a finite collection of triangles
from 7, which cover K.

Note that any two triangles in 7 either have disjoint interiors or one of them contains the
other. In particular, A" € T,,4; is a child of A € T, (m € Z) if and only if A" C A. If A
and A’ are two different triangles in 7 and A’ C A, then we say that A is an ancestor of
A, while A" is a descendant of /.

Locally regular triangulations. We call a triangulation 7 = |J,,,.,, Tm a locally regular
triangulation of R?, or briefly an LR-triangulation, if T satisfies the following additional
conditions:

(g) There exists a constant 1/2 < p < 1 such that for each A € T and any child A" € T
of A,
(1= p)A[ <A < plA]. (2.1)

(h1) There exists a constant 0 < 6; < 1 independent of m such that for any A, A" € Ty,
(m € Z) with a common edge,

oy < A|/|A"] < o7 (2:2)

By (e), it follows that for any A’', A" € T, with at least one common vertex, (2.2) holds
No/2

with 9, replaced by d;
Strong locally regular triangulations. We call a triangulation 7 = {J,,,c,, Tm a strong
locally regular triangulation of R? or briefly an SLR-triangulation, if T satisfies (2.1) and the
following condition that replaces (2.2):



(h2) There exists a constant 0 < d, < 1/2 such that for any A", A" € Ty, (m € Z) sharing
an edge,
lconv (AU AM|/|A] < 6571 (2.3)

where conv (G) denotes the convex hull of G C R?.

Obviously, (2.3) implies (2.2) with 0; = d5. Therefore, each SLR-triangulation is an LR-
triangulation.

Regular triangulations. By definition, a triangulation 7 = (J,,c;, Tm is called a regular
triangulation if T satisfies the following condition:

(h3) There exists a constant 3 = [(7T) > 0 such that the minimal angle of each triangle
ANeTis>f.

Next, we make a few remarks which will help understand better the nature of the trian-
gulations that we utilize.

(i) For each of the three types of triangulations there is a number of constants that
are assumed fixed. In what follows we refer to them as parameters. Thus the parameters
of an SLR-triangulation are My, Ny, p, and . Notice that because of (2.1), we can set
My :=1/(1 — p) and remove M, from the list of parameters. However, this would tend to
obscure the actual role of p and M,.

(ii) It is a key observation that the collection of all SLR-triangulations with given (fixed)
parameters is invariant under affine transforms. The same is true for LR-triangulations.

(iii) It is easy to see that (2.3) is equivalent to the following condition introduced in [38]:

Affine transform angle condition: There exists a constant § = 3(7T), 0 < f < 7/3, such
that if Ag € T,n, m € Z, and A : R? — R? is an affine transform that maps A\, one-to-one
onto an equilateral reference triangle, then for every A € 7, which has at least one common
vertex with Ay, we have

min angle (A(A)) > S, (2.4)

where A(A) is the image of A by the affine transform A.

The equivalence of the two conditions follows easily from the obvious but important fact
that both conditions are invariant under affine transforms.

Note that we prefer to use (2.3) rather than (2.4) in the definition of SLR-triangulations
in this article since the constant d, appears naturally when estimating norms of the basis
functions constructed in §4 (see (4.8)) and also (2.3) is easier to verify in practical situations.

(iv) As we have already mentioned, every SLR-triangulation is an LR-triangulation but
the converse statement is not true. Also, every regular triangulation is an SLR-triangulation
but not the other way around. Counterexamples are given in [38].

(v) The mazimal angle (MA) condition

7 — max angle (A) > > 0, AeT, (2.5)

known from the finite element method [2] is totally different from our conditions of regular-
ity. It is easy to see that there are SLR-triangulations that do not satisfy MA, and there
are triangulations that satisfy MA and fail to be locally regular. As we shall see below



(Example 4.7), our construction of stable differentiable basis functions does not extend to
triangulations satisfying the MA condition but failing to be SLR.

(vi) The rate of change of the size of the elements (|A|, minangle (A), and diam(A)) of a
triangle A € T as A moves away from a fixed triangle A°® € T for different types of triangu-
lations 7T is explored in [38]. We shall briefly discuss this issue for SLR-triangulations which
are the most important type of triangulations for the present article. An SLR-triangulation
7T may have an equilateral (or close to such) triangle A° at any level T, with descendants
Ay D Ay D -+ such that minangle (Aj) — 0 as j — oo, and also a sequence (A})%2, C T,
with Aj = A and AN AL, #0 (5 =0,1,...) such that minangle (A’) — 0. Conditions
(2.1) and (2.3) suggest geometric rates of change of |A|, minangle (A), and diam(A) as
A € T, moves away from a fixed A® € 7,,. In fact, the rate of change is a power of the
minimal number of edges connecting A and A°, see [38].

(vii) We shall need to know what happens with the levels 7, of a triangulation 7 as
m — —oo. By Lemma 2.1 from [38], for each LR- triangulation T there exists a finite cover
T oo of R? such that either T o = {R?} or T_oo = (AL )%, No < Ny, where each AZ
an infinite triangle, i.e., the set of all points on and between two rays which are not colhnear
and have a common beglnmng Moreover, in the second case, the infinite triangles (AJ )N it
have a single common vertex and disjoint interiors, and also each triangle A € 7 and all its
ancestors are contained in an infinite triangle AL € T

For more details about multilevel triangulations, see [38].

Some additional notation and preliminaries. We denote by [v;, v2] the interval (straight
line segment) with endpoints vy, vy and by |e| the length of e = [vy,v5]. Furthermore, we
let [v1,v9,v3] denote the triangle with vertices vy, vq, v3, and let |A| denote the area of
A = [v1, 09, v3]. Throughout the article, we assume that the vertices vy, vy, v3 of any triangle
[v1, v9, v3] are ordered counterclockwise.

For a triangle A € T, (m € Z), we define level(A) := m.

For any vertex v € V,,, we let star (v) = star !(v) denote the star of v, i.e., the union of
all triangles A € 7, attached to v. Moreover, for each ¢ > 2, we denote by star(v) the
union of star “!(v) and the stars of the vertices of star “~!(v). (Note that star‘(v) depends
also on the level m, but we do not indicate this in the notation since it is always clear from
the context what level is meant.) We also set

QY = U{star‘(v) : v € YV, A Cstar’(v)}, A€ Tp. (2.6)

It is easy to check that Q% := U{star?~1(v) : v is a vertex of A}, A € T,,..
It is readily seen that there exists a constant ¢* = ¢*(Ny, ) < N¢ such that

#{N €T, A Cstar’(v)} <5, veEV,, (2.7)
and hence there exists a constant ¢ = ¢**(Np, ) < 3¢*(Np,2¢ — 1) — 5 < 3NZ“"! such that
HAET, : ACQLY <™, NeT. (2.8)

We denote by &, the set of all edges of triangles of 7, and set € :=J, ., En. We let

star(e) denote the union of the two triangles attached to e € &,,.

mel



For future use, we state the following inequality:

Yo (AM1A) <Y P =clpy) <00, A ET, >0, (2.9)

AET,ADA! Jj=0

which is immediate from the properties of LR-triangulations (|A'| < p|A| if A’ is a child of
N).

2.2 Basis functions: The general setting

Let 7 = U,z Tm be a locally regular (or better) triangulation. For m € Z, r > 0, and
k > 1, we denote by S&™ = S*"(7,,) the set of all r times differentiable piecewise polynomial
functions of degree < k over Ty,, i.e., s € Sk if and only if s € C"(R*) and s = >0 .7 1a-Pa
with Pn € II;. Naturally, S%~! will denote the set of all piecewise polynomials of degree
< k over 7T, which are, in general, discontinuous across the edges from &,,.

We assume that for each m € Z there is a subspace S,, of 8% (r > 0, k > 2) and a
family @, = {pg : 0 € ©,,} C S,,, of basis functions satisfying the following conditions:

1. II; C S, for some 1 < k<k (l% independent of m).
2. 8§, CSni1 (meZ).

3. For any s € S, there exists a unique sequence of real coefficients a(s) = (ag($))sco,,

such that
§= Z ag(s)po-

0€0©,,

(Thus, @, is a basis for S,, and (ag(-))sco,, are the dual functionals.)

4. For each 0 € ©,, there is a vertex v = vy € V,, such that

supp ¢y C star‘(v) =: Ey, (2.10)
10 /| 2o (2) = llP0l| Lo () < M, (2.11)
ao(s)| < Mallsloiiar, 5 € S 2.12)

where ¢ > 1 and My, M, are positive constants, all independent of § and m.

Let
b= U@m and O := U@m.
meZ mez
We shall refer to r, k, k, ¢, My, and M, as parameters of ®.

A simple example of a family of basis functions satisfying the above conditions is the set
of well-known Courant elements (continuous piecewise linear basis functions, r = 0, k = 2)
associated with 7 (see [38]). Concrete constructions of differentiable basis functions (r > 1)
will be discussed below in Sections 4 5.

Although © and ©,, (m € Z) are simply index sets, in the case of Courant elements,
© can be identified as the set of all cells (supports of basis functions). As we shall see in
Sections 4 5, in general, several basis functions of ®,, may have the same support. However,
the supports of only < constant of them may overlap:

8



Lemma 2.1. There is a constant L depending only on k, ¢, and Ny such that for any A\ € Ty,
(m € Z),
#{0 €O, : EgD> A} <L, (2.13)

where Ey is defined in (2.10).

Proof. We have by (2.10) and (2.8)

#{0 €0, : ACEy} < dimSH"

g, < dim 4T,y

— <k;1>#{A’eTm N QL)

< <k;1>c**. [ ]

We shall frequently use the equivalence of different norms of polynomials as stated in the
following lemma (see also [38]).

Lemma 2.2. Let Pelly, k> 1, and 0 < p,q < .

(a) For any triangle N C R2, ||P||1,0) & |AMP7V49||Pl|1,a) with constants of equiva-
lence depending only on p, q, and k.

(b) If A and A" are two triangles such that A" C A and |A] < ¢ |A'|, then || P||,n) <
|| Pl ary with ¢ = c(p, k, c1).

(¢) If A" and A are two triangles such that A" C A and |A'| < o] A with 0 < ¢3 < 1,
then ||P||p,a) < c||Pllz,cavan = [AYPV| Pl a\an with constants depending only on p,
q, k, and c,.

By (2.2) and (2.7), |Ep| =~ |A] if A C Ey, A € Ty, and 6 € O,,. Using this and
Lemma 2.2, we obtain that, for 0 < p,q < oo,

HSHLp(Eo) =~ |E9|1/p71/q||8||Lq(E9), S € Sm, 0 c @m; (214)

where the constants of equivalence depend on p, ¢, k, and 0;. In particular, we shall need
(2.14) with s = @y, when it takes the form ||@gl|, = |Eo|/?=Y4||¢g||4, in view of (2.10).

Lemma 2.3. The bases @, are Ly-stable for all 0 < ¢ < co. That is, if g := ) pce. bos,
where (bg)geco,, is an arbitrary sequence of real numbers, then

lglly ( Z ||be<ﬂe||3)1/q.

€O,
Moreover, for any v € R and 0 < 7 < o0,
. 1/7 . 1/7
(3 1arlgle,e)) = (3 (B Ibogolly)") (2.15)
AETm 0€O.,

where the constants of equivalence are independent of m and g. In the case ¢ = oo (or
T = 00) the {,-norm ({;-norm) above is replaced by the sup-norm as usual.



Proof. We have to prove only (2.15), since the first statement of the lemma then follows
with v = 0 and 7 = ¢. For each A € T, we have by (2.10),

lollay =1 Do bovolla<e D lbopolly:

0€0,,,EgDA 0€@, EgDA

Therefore, by Lemma 2.1 and (2.7),

S 1AMl ge)” < e > > (1Bl llbeolly)”
AETm ANETm 0€O,, Eg DA
< ¢ > (1B ||bopally)"
0cO,,

In the other direction, since @ is a basis of S, and g € S,,,, we have by = ay(g), 0 € O,
and hence, by (2.12), (2.14), and (2.11),

1bocolly = llao(g)@elle < cllgllw (s l@olly < llgll o i) | Eol
< gl <c Y. gl
AETm, ACEy

Since |Ep| = |A|if A € T, and A C Ey, we have, by (2.7) and Lemma 2.1,

> (Blbowoll)™ < e > (APl

0€©, 0€O,, AETm, ACEy

< e > (AMNYlye)” =
ANETm

Local polynomial approximation is an important tool in spline approximation. For a
function f € L,(G), G C R?, we denote by Ei(f,G), the error of the best L,-approximation
to f on G from Il and by wy(f, G), the kth local modulus of smoothness of f on G-

Ex(f,G)g = juf [If = Pllogey,  wlf,G)g = Sup 1A (-

Whitney’s theorem gives an important relation between these two quantities: If f € L,(G),
0 < ¢ < oo, where G = A is an arbitrary triangle or G = Qa with A € 7, 7 an SLR-
triangulation, then

Eu(f,Q)y < ewn(£,C), (2.16)

where ¢ = ¢(q, k) it G = A and ¢ = ¢(q, k,02) if G = Qa (02 is from (2.3)). For a proof of
this estimate, see, e.g., the appendix of [38]. Note that this estimate holds for much more
general regions G, but then the constant ¢ = ¢(G) may become hard to control.

For 0 < ¢ < 0o and a triangle A, we let Pa , : L,(A) — I be a projector such that

If = Pag(Dlleya) < cB(f, A)q for fe Ly(A). (2.17)

Note that P, can be realized as a linear projector if ¢ > 1. For instance, one can utilize
the averaged Taylor polynomial. Namely, suppose 4\, is an equilateral reference triangle
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and A is an affine transform mapping A onto Ay. Let now P(g) € II; be the averaged
Taylor polynomial of the function g := f o A~! (the composition of f with A~!) over the
disc B inscribed in A (see, e.g., §4.1 of [12]). Clearly, P : L,(B) — 1l is a linear operator,
P9z, < cllgllr,m) (@ > 1), and P is a projector, i.e., P(Q) = @ for Q € II;. From
these propertles of P, 1t follows that for an arbitrary @ € I,

19— P(llz,a0) < g = Qllz a0 + 11Q — P(9) L, 20)
< g = Qllgao) T llP(g = Q) < cllg — QllLy(20)

which implies ||g — P(9)||z,(20) < cEr(g, Do) Substituting back, one easily obtains ||f —
(PoA)(lzya) < cBp(f, )y Finally, we set Pa, := P o A, which is the desired linear
projector of L (A) into Ilj.

Note that P, cannot be realized as a linear operator if 0 < ¢ < 1 (otherwise, we would
be able to construct a nonzero bounded linear functional on L,).

We define a linear operator Q,, : S*1(7,) — S, as follows. For each 6 € O,,, let
Ao : S H(T) |z, — R be a linear functional such that

Mo(S|lg,) = ap(s), s€S,, and

INo() < Mol fllLwis). [ €S (Tm)le,-

Such linear functional always exists by the Hahn-Banach theorem. We set

=D Nlslm)es, s €8T, (2.18)

0cO,
Clearly, Q,,(s) = s if s € S,,, and thus @Q,, is a linear projector of S#~1(7T,,) into S,,.
Lemma 2.4. For any s € S*71(T,,), 0 < q < oo, and A\ € Ty,

1Qn(llzyce < elsll o (2.19)
with a constant ¢ independent of m, /\, and s.
Proof. By Lemma 2.2 and (2.14), we have

ol L,y < Al A 0ol (a) < e My A]MY,

Isllzocime) < c2l A7 1/q|| M1z, z0),

where ¢; and ¢y depend only on ¢ and k. Therefore,

Qu@ ey = || 2 Molslien], < 3 Polslig)] ol
0cOm, 0€Om
ACEy ACEy
< ¢ 3 Islinel A S e lslleyaa < elisllz, oy
0€Om 0cOm
ACEy ACEy
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We now extend @, to L(R?), 0 < ¢ < oco. Let Pag : Ly(A) — Il be a projector
satisfying (2.17) (linear if ¢ > 1). We define

Pmg(f) =Y Ta-Pay(f) for f e Lk (2.20)
AETm

which is a projector of Li*° into Skt
We put
Qm,Q(f) = Qm(pm,q(f)) fOI" f € L;oa) (221)

which is evidently a projector of L{IOC into S, (linear if ¢ > 1 and all Py , are linear).
We next show that @), , provides a good local Ly-approximation from S,,. We let SA(f),
denote the error of L,(Q2% )-approximation from S,,, i.e.,

Sa(f)ei= inf IF = sliyog) D €T (222

Thus, SA(f), is the error of approximation to f from restrictions to QY% of functions from
S, which is not necessarily the same as the approximation by all r times differentiable
piecewise polynomials of degree < k defined only on Q%, even if S,, coincides with S*r.
However, since 1I; C S, Sa(f), does not exceed the error of L (€2} )-approximation to f

from polynomials of degree < k.

Lemma 2.5. If f € LY°(R*), 0 < ¢ < oo (f € C if ¢ = 00), then

If = @ma(PllLy2) < Salf)g A €T (m € Z),

with ¢ independent of f, m, and A.

Proof. Let sp € S, be such that [[f — sallf,y) < ¢Sa(f)q- Using the properties of @,
(see Lemma 2.4), we find

1/ = Qg ()l Lg(a)

1f = Qu(Prmg (F)|lg(2)

cllf = salleya) +cllsa = QumPmg(F)ly(a)
Salf)g+cl|Q@mlsa — pm,q(f))HLq(A)
SA(f)g+cllsa = Pmg(HllL,@s)

Sa(f)g+cllf = sallo,y) + el f = Pmg(F)llL @z
Sa(f), ™

Lemma 2.6. (a) If f € L"°(R?), 0 < q < oo, then for every compact K C R?,

VAN VAN VAR VAN

IN

If = Quma(H)lle,x) =0 as m — oo. (2.23)

(b) If f € Ly(R?), 0 < ¢ < o0, then

If = Qug()llL, 2y =0 as m — oo. (2.24)

For the proof of this lemma, we need the following result:
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Lemma 2.7. If T s an LR-triangulation, then for each triangle A° € T
max{diam(A): A € T,,, A CA°} =0 as m — 0. (2.25)

Proof. Let my := level(A®). We set d,, := max{diam(A) : A € T,,A C A°}. Since
(dm)e—m, is non-increasing, it suffices to show the existence of a subsequence tending to
zero. Let e be an edge of a triangle A € T,,, A C A°. If it is also an edge of a child of A,
then the valence of at least one of the two endpoints of e will increase by one at level m + 1.
(Recall that there are always at least two children, so that a child and a parent cannot be the
same triangle.) Therefore, e will be subdivided at least once after at most S := 2(Ng —3) +1
steps of refinement. By (2.1), it readily follows that any edge €' obtained by subdividing e
satisfies |¢/| < ple| < pdp,.

We call an edge of a descendant of A® a cutting edge for A° if one of its endpoints
is a vertex of A® and the other lies in the interior of the opposite edge of A°. Since all
cutting edges must emanate from the same vertex of A° there are totally no more than
M := Ny — 3 such edges for A°. Therefore, no new cutting edges for A°® will be created at
levels m > mgy + M. (It is easy to see that as soon as no new cutting edges are created at a
level m, they cannot be created on any further level.) Using this and the above observation,
we conclude that there will be no cutting edges at levels m > my + M + S since they all
will be subdivided. Therefore, each edge e inside A® at these levels is either a proper part
of an edge of A® or has both of its endpoints in the interiors of two different edges of A, or
it has at least one endpoint in the interior of A°. In all cases, condition (2.1) ensures that
le|] < pdy,, which implies d,,,, < pd,,,, where my = mg + M + S + 1. It is clear now that
there is an increasing sequence {my}32, such that

Ay, < PPy =0 as k — oo,
which completes the proof. B

Proof of Lemma 2.6. (a) By condition (f) on triangulations, it suffices to prove the lemma
for K = A°, an arbitrary triangle from 7. By Lemma 2.7,

max{diam(Q%) : A € T, A C Q4%.} =0 as m — co. (2.26)

Case 1: ¢ < oo. Fix £ > 0. In view of (2.26), there exists a piecewise constant function
S, of the form
S, = Z calln, me > level(A°),

AE€Tme, ACY, o
such that
1f = Sellz,e,) <€ (2.27)
(choose first g € C(Q%.) so that ||f — g||Lq(QzM) < ¢/2 and then choose S, so that ||g —
Sell (@t s) < 51901 79). Then Qug(S:) = Qm(S:).
We have, for m > m,,
1f = Quua(Dllzyaey < ellf = Selleya) + ellSe = Qmg(Se)llLya0)
+ cllQm(Se = Pmg(F)lzq(a0)- (2.28)
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For the third term above, we have

HQm(SE - pm,tI(f))HLq(Ao)

IN

el|S. ~ P ()l ygor,.)
< d|f- SeHLq(QfM) +C||f—Pm,q(f)||Lq(QlM)
< df - SeHLq(QZM) < cg, (2.29)

where we used Lemma 2.4 and that [|f — pmq(f)llL,@,) < Cllf = Sell @,y (m = me), by
(2.17).

It remains to show that ||S. — Qq(S:)||L,(ae) < ce for sufficiently large m. Denote
by G the union of the edges of all triangles A € 7,,. such that A C A° and by G;s :=
{z € R* : dist(z,@) < §} the d-neighborhood of G. Clearly, there exists § > 0 such that
15e ]| Ly(cs) <&

By (2.26), there exists m; > m, such that diam(Q%) < § for all triangles A € T,
(m > my) such that A C A° and Q% NG # 0. Since II; C Sy, Qu(S:)|a = Sc|a if
55|QzA = constant. Using this, we obtain by Lemma 2.5

1/q
5. = Qua(Slujan e D 8alS)i) < eliSelluyen < e
AETm, Q% NGHD

We substitute this estimate together with (2.27) and (2.29) in (2.28) to obtain

1f - Qm,q(f)HLq(Ao) <ce form > my.

This implies (2.23) if ¢ < oco.
Case 2: ¢ = co. We have, by Lemma 2.5 and the fact that II; C S,,,

1f - Qm,q(f)||Loo(A°) < CAQ%{&AXCm Cléllgl If = CHLOO(Q‘ZA)'

Now the result follows, using (2.26) and the fact that f is uniformly continuous on Q..
Part (b) of the lemma is immediate from part (a). H

We denote S_o := [),,cz, Sm- As we already mentioned, there are only two possibilities
for Toot Too = {R%} or Tooo = (AI) 5, Noo < No, where {AJ } are infinite triangles with
disjoint interiors and a common vertex which cover R?. If 7_,, = {R?}, then obviously R?
is the union of a sequence of nested triangles and hence each s € S, is a polynomial of
degree < k on R%. Therefore, if 7, = {R?}, then S_., a subspace of IIj.

Suppose T_oo = (AL )M and s € S_o. Then each triangle AJ, can be represented as
the union of a sequence of nested triangles and hence s is a polynomial of degree < k on A/ .
Therefore, in this case, s € S_o implies s € C"(R?) and s|,; = Pj|,; for some P; € I,
j=1,...,Ny.

Furthermore, if s € S, and [{z € R? : |s(z)| > t}| < oo for some ¢ > 0, then s = const.
In particular, if s € S_ N L, (p < 00), then s = 0.
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2.3 Definition of B-spaces. Equivalent norms. Interpolation.

Suppose T is an LR(or better)-triangulation and ® = &+ is a family of differentiable piece-
wise polynomial basis functions over 7 as described in §2.1 2.2. For the characterization
of nonlinear n-term L,-approximation from ®, we need the B-spaces B¢(®) which we shall
introduce and explore in this subsection. In fact, the spaces B%(®) depend only on the un-
derlying ladder of spaces --- C S_1 C § C 81 C - - - associated with the bases (®,,)mez, but
as it will be shown below these spaces have atomic representations using ®, which justifies
our notation.

We shall need the B-spaces B2(®) in two cases: (a) 0 < p < oo and a > 0, or (b) p =00
and o > 1 (see Remark 2.14). In both cases, we define 7 from the identity 1/7 = a4+ 1/p
(1/00:=0).

Definition of B*(®) via local approximation. We define the B-space BX(®) as the set
of all functions f € L,(R*) such that

- T T
1fllmeay = (Do (1AI7*Salf).)) " <o, (2.30)
ANy
where SA(f), is the error of L,-approximation of f on Q4 from S, if A € T, (see (2.22)).
It is readily seen that BX(®) is a linear space, |[cfl[pe = |c[l|[f]lse and ||f + gll3a <
1 flIe + 1lgll3a, with X := min{r,1}. Clearly, see Theorem 2.8, if || f||ga = 0, then f =0
a.e. Therefore, || - ||pa is a norm if 7 > 1 and a quasi-norm if 7 < 1.
We next define other equivalent norms in B*(®). We define

Nogq(f) = (Z(|A|1/p_1/"SA(f)n)T>1/T, (2.31)

ANET

where we have taken into account that 1/7 := a4+ 1/p. Thus, Neg-(f) = |||l se(e). More-
over, we shall show that Neg,(f) = ||f]|se(@) if 0 <n < p (see Theorem 2.10).

Definition of norms in B (®) via basis functions (atomic decomposition). For
f € L, (R?), we define

No()i= it (& leooll)) (232

f:ZGGG)CQQDG 0co

where the infimum is over all representations of f in the form f =), o copp in L.. (Note
that the existence of such representations for each f € L, follows by Lemma 2.6.) By
Theorem 2.9,

S (B “llespsll,)” < oo implies HZ|C"900(')|H < o0,
9cO 0cO P

and hence ), ¢ copy(2) converges absolutely a.e. Therefore, the specific type of convergence
that we use in the definition of Ng(f) above is not essential. Using (2.14), we have

. _ T]./T
No(f) = inf (DB ool

F=>"gco coveo heo
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~ i (X ||c0<p9||;)1/7. (2.33)

F=>"gco coveo eo

Definition of norms in B*(®) via projections. For f € L\°°, we set

7
Gy (f) = Qmp(f) = Qu-1,4(f) € S, (2.34)
where @, , is from (2.21), and let (by,(f))oco,, be defined by the identity
qm,n(f) = Z bg,n(f)(pg 7i'e'7 bg,n(f) = aﬂ(qm,n(f))a NS @m (235)
0€Om
We define e
Noo.r(F) = ( 3B 2 lbos(£)eoll-)") (2.36)
0co

and, more generally (see (2.31)),
1/

Noaalf) = ( Do(E g (Hpally)) 0 <m<p. (2.37)

e

By Lemmas 2.2 2.3, it follows that
B . 1/
Noaalf) = (D0 D (A gunn(Nllya)7) (2.38)
meZ A€ETm

and, for 0 < pu < o0,

1/7

Noaa(D) & (S UE b Pcoll)) " = (3 Iboa(reolly)

e [ASC)

(2.39)

We shall show (see Theorem 2.10 below) that all of the above norms are equivalent. To
this end, we need the following embedding theorem.

Theorem 2.8. If f € L.(R?) and No g ,(f) < o0, 0 <n <p, then

F= tualf) = boy(f)eo (2.40)

mez 0cO

with the series converging absolutely a.e. and on L,, and

> lana(NON|| <e

1Al < ¢

> laaDeaC)l|| < Nogalf)  241)

with ¢ independent of f.

The proof of Theorem 2.8 hinges on the following more general embedding theorem,
which is a special case of Theorem 2.5 from [54].
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Theorem 2.9. If0 <7 <p<oo, orp=oc and 0 <7 <1, then for any sequence of real
numbers (cg)geco we have

1/
| S teopol|| < e(X lleawoly) (2.42)
9ee P 90

with ¢ independent of (¢y)gco-
For completeness, we give the simple proof of this theorem in the appendix (§6).

Proof of Theorem 2.8. We introduce the following abbreviated notation: Q, := Qu,(f),
Um = Qmy(f), bo :=bg,(f), and N(f) := No,g,(f). By (2.35), (2.39), and Theorem 2.9, we

have
| 31001 < ¢ 3 oot

and hence ) . |gn(z)] < oo a.e. On the other hand, by Lemma 2.6, we have |f —
Qml|L,a) — 0 as m — oo for each A € T. The above two facts imply

< eN(f) < o0, (2.43)

f—Q = Z ¢ absolutely a.e. on R?. (2.44)

m=1
We use Lemmas 2.1 and 2.2 to obtain, for A € T, (m € Z),

_1 _1 _1
lamll i) < €l D77 Ngmllyay S D7D llopolly, < dlATFN(S).
0€Om, EgDA

Therefore, for a fixed A" € 7, (v € Z),

Z l@mllzeany < eN(f) Z N

m=—00 ANET,ADA!
= N(HIATP Y (AT (2.45)
AET,ADA!
< | ATYPN(S) < oo,

where we used (2.9). We set

0
Seo = Qo — Z ¢m pointwise in R2. (2.46)

m=—0o0

From (2.45), it follows that s, is well defined and the series in (2.46) converges uniformly
on every compact in R?. Evidently, (2.46) yields soo = Qu — Y v Gm for each v € Z.
Fix n € Z. Using Theorem 2.9, we obtain, for v < n,

14
ey < o0y =] 3

1/7
c( Z ||b0<p9||;) —0 asv— —oo,

0cl;, —_ o Om

IN
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where we used that (3 ,cq ||bael|7)"™ &~ N(f) < co. Therefore, sx € S, for every n € Z

and hence s € (),cz Sn = S—co-
Identities (2.44) and (2.46) yield
— So0 = Z Gmp(f) = Z bo,y(f)pe absolutely a.e. (2.47)
mez 00

and hence, using (2.43),

> lanaNO| <e

Since f € L, and f — so € Ly, it readily follows that, for ¢ > 0,
{z: [soo()| >t} < [{a: [f(2)] >t/2}[ + [{z: [ f(2) = so(x)| > 1/2}]
< (@/2) TIAIT A (E/2) PILf = seolly < 00,

which implies so, = 0 (see the end of §2.2). From this, (2.47), and (2.48), we infer (2.40)
and (2.41). The proof is complete. W

1 = Soollp < ¢

> lbaa(Deol| < eNogalf) <oe.  (248)

Theorem 2.10. The norms |- ||pa(e), Nogsy(-) (0 < 1 <p), No(-), and Neog,(-) (0<n <
p), defined in (2.30) (2.32) and (2. 37) are equivalent with constants of equivalence depending
only on p, a, n, and the parameters of T and ®.

Proof. Theorem 2.8 readily implies

No(f) < Nogq(f), 0<n<p, (2.49)

if N‘P,Q,ﬂ(f) < Q.
Suppose Nggs,(f) < 0o. For each A € Ty, (m € Z), we have, by (2.34) and Lemma 2.5,

[@mn(Dz,2) < llf = Quallz,2) + cllf = Qu-rnllL,a) £ Salf)n + Sas(f)y,

where A® D A, A® € T,,_1, is the only parent of A. These estimates readily imply

Nfb,Q,n(f) < N‘P,S,n(f)a 0< n<p. (250)

[t remains to prove that

Noga(f) < No(f), 0<n<p, (2.51)

provided Ng(f) < oco. Evidently, (2.49) (2.51) imply the desired equivalence of norms.
Notice first that, by Holder’s inequality, Nog .(f) < Nogs,(f) if 0 < p < 7, and hence
it suffices to prove (2.51) only for 7 < n < p.
Suppose f € L, and 0 < Ng(f) < oo. Then it follows by the definition of Ng(f) that
there exists a sequence (¢g)geo such that

f=Y copp inL, (2.52)

fcoO
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1/7
and <29€@(|E0|*a||09<p9||7)7) < 2N (f). Theorem 2.9 implies that in (2.52) we have
absolute convergence a.e. We next estimate

1/
Nosalf) = ( DU 1s4(f),)7) (2.53)
AeT
using that Sa(g), = 0if g € Sy and A € Ty, and Sa(g)y < ||gllL,q4), in general. We
denote f; := Zae@j copp. Fix A" € T and assume that A" € T, (m € Z). We have, using
Theorem 2.9 (7 < n < co) and (2.14),

NUASEN S SWAET DO
j=m+1 g=m+1

:
Ly(0%,)

oo
.
< H Z Z 0P|, o )S c Z lcoellr
j:m+19€@j,E9CQ2Al, T 0€®7E9C92Al/
< e Y BT gl

0€0, EgC?,
Substituting this in (2.53), we obtain

Nosalf)T < ¢ STIATWP YD 3™ Bt o

NET 0€0, By,

= ey D, (BI/NAN (B eopollr)”

NET 96@,E9CQ2AZ,

e (Bl Neopoll)™ D ([El/|1A)THHP,

0co A'ET, Q2 DE,

IN

where we once switched the order of summation. By (2.1) (2.2),
H{N €T, : Q% D Ey} <c¢(Ny,t), veEL, €O,

and |Ey| < cp?|A] if Ey C Q% with A’ € T,, and 0 € Op,1; (m € Z, j > 0). Using these,

we obtain
o

ST (B < 3 T < < oo

A'ET, 0%, DB, 7=0
Therefore, Nog,(f)" < ¢ peo(|Eol |lcovslls)” < cNo(f)” which yields (2.51). ®
The following embedding result is quite obvious.

Theorem 2.11. For 0 < ap < oy and 7j := (a; + 1/p)~", 7 = 0,1, we have the continuous
embedding
B (@) C B (@), (2.54)

i.e., if f € B&(®), then f € B2(®) and ||f||Bgoo(q>) < c||f||Bgll(q>).
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Proof. By Theorem 2.8, if f € B2 (®), then f € L,, N L, C Ly. Fix 0 <n < p. Then by

(2.39), we have
170y~ (2 WoaPreally) ™, G =0,
0cO

and the theorem follows since m < 75. W

Interpolation of B-spaces. We first recall some basic definitions from the real interpola-
tion method. We refer the reader to [3] and [4] as general references for interpolation theory.
For a pair of quasi-normed spaces X, X;, embedded in a Hausdorff space, the space Xy+ X;
is defined as the collection of all functions f that can be represented as fy + f; with fy € X,
and f; € X;y. The quasi-norm in X, + X, is defined by

I soixs = infollxo + il

Peetre’s K-functional is defined for each f € Xy + X; and ¢t > 0 by
K(f.t):=K(f,t; X0, X)) := ; i}{f Il follxo + tll f1llx, - (2.55)
—=Jo 1

The real interpolation space (X, X1)x4 with 0 < A <1 and 0 < ¢ < oo is defined as the set
of all f € Xy + X, such that

dt\ 1/
I llctsin, = Wfllsonss + ([0 0905) " <

with the Lg-norm replaced by the sup-norm if ¢ = oo
It is easily seen that if X; C X, (X continuously embedded in Xj), then K (f,t) ~ || f]|x,
for f € Xy and t > 1 and, consequently,

P llcsoon, ~ Wl + (S22 k(1 219) (2.56)

v=0

Theorem 2.12. Suppose 0 < p < oo and g,y > 0 or p = oo and oy,ay > 1. Let
7= (oj+1/p) L, 7 =0,1. Then

(B (@), B (®)ar = BF (®) (2.57)
with equivalent norms, provided o = (1 — N)ag + Aoy with 0 < A < 1 and 7 := (o + 1/p)~!

Proof. We shall use some ideas from [32]. We may assume that «y < ;. We denote briefly
B* := BY(®) and B% := B;’(®), j = 0,1. Furthermore, we denote by ¢, the space of all
sequences a = (ag)geco of real numbers such that

Jally, = (X laokt) " <

fcoO

We shall utilize the following well-known interpolation result (see, e.g., [3]):

(Crgs lr)rr = £r, where £ = % + T—); with 0 < A < 1. (2.58)
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We fix 0 < 1 < p. Then we normalize the basis functions from @ in L,, that is, ||¢gl[, =1
(we use the same notation for the normalized basis functions). We also renormalize the dual
functionals Ay in the definition of @), in (2.18) accordingly.

We denote by b(f) = (by(f))gco the sequence of numbers defined by (see (2.34) (2.35))

Gma(f) =2 Y bo(fpo, meZ (lpoll, = 1)

€O,

By Theorem 2.8, Theorem 2.10, and (2.39), if f € B% (j = 0,1), then

FZ> (e and | flles = [B()]le, (2.59)

fco

and similarly for f € B*.
The theorem will follow by (2.58) and the following lemma.

Lemma 2.13. For f € B* + B* = B* (o < ay), we have

K(f,t; B*,B*) ~ K(b(f),t; (s, 0r), > 0. (2.60)
Proof. We first prove that

K(f,t; B*, B*) < cK(b(f),t; lr,,tr,), t>0. (2.61)

Indeed, let a = (ap)pco € ¢,- Then a € ¢, (1p > ) and since b(f) € ¢, (f € B*), we
have b(f) —a € ¢;,. We define ¢ 2 Y oco @9pg. Then by Theorem 2.9, g is well defined,

and hence .
f=92) (bs(f) = ar)po.

fco
By (2.33) and Theorem 2.10, we infer

19[=r < cllalle,, and [|f = gllpeo < cl[b(f) — alle,,-

Since a € {,, is arbitrary, the last two estimates give (2.61).
We next prove that

K(b(f)t;lr, bry) < cK(f,t; B*, B™), t>0. (2.62)

Suppose g € B*. Then by Theorem 2.11, g € B* (o < ay), and hence f — g € B*. We
shall show that there exists a sequence b(g) = (by(g))sco € ¢r, such that

g2 tg(g)ps with gllses = ID()]le,, (2.63)
and
F=9Z > o) —balg)ps with [|If = gllzeo = |[b(f) = b(g)lle,,- (2.64)

fcoO
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Clearly, estimate (2.62) follows by (2.63) (2.64).
Notice that if » > 1, then b(-) can be realized as a linear operator, and hence b(f —g) =
b(f) — b(g). Therefore, (2.63) (2.64) are immediate from g € B* and f — g € B*.
Suppose n < 1. For A € T, we let Pa(f) := Pa,(f) € Il be the polynomial from the
definition of py, ,(f) in (2.20) (Pa(f) is not unique). Thus Pa(f) € Il is such that

1f = Pa(F)llLya) < cE(f, D)y (2.65)
We shall next show that for each A € T there exists a polynomial Pa(g) € II; such that
lg = Pa(gllL,a) < cEx(g, D)y (2.66)

and
1/ = 9= (Palf) = Pa(g)lL,a) < cEe(f = g, D)y (2.67)

We consider two cases.
Case 1. E(f —g) < E(g), where E(-) := Eg(-,A),. Let R € Il be such that

If =g =Rl =E(f—g), where|[[-|:= "L, (2.68)

We define Pa(g) := Pa(f) — R € Il;. Then (2.67) holds, by (2.68). We use (2.65) and (2.68)
to obtain

lg — Palg)ll clf = PalH)Il+cllf —g— Rl < cE(f) + cE(f - g)

<
< c¢E(f —g)+cE(g) +cE(f —g) < cE(g)

which gives (2.66).
Case 2: E(g) < E(f —g). This time we choose Pa(g) € II; so that ||g — Pa(g)|| = E(9g)-
Similarly as above, one can show that

If =g — (Palf) = Palg))ll < cE(f — g).

Thus the existence of Pa(g) € Il satisfying (2.66) and (2.67) is established.
Using the polynomials Pa(g) from above, we define, for m € Z,

Pma(9) = Y La-Palg) and puy(f —g) = Y La-(Pa(f) — Palg)).
AETm ANETm

Furthermore, as in (2.21) and (2.34), we define

Qm,n(g) = Qm(pm,n(g)) and Qm,n(g) = Qm,n(g) - Qm—m(g)-

We define @, ,(f —¢g) and gy, ,(f — g) in the same way. Finally, we define b(g) = (bs(9))sco
and b(f —g) = (bs(f — 9))oeo from

Gmn(9) = Y bolg)po and  quy(f —9) = > bo(f — g)s, m € Z.

0€0©,, 0€0©,,

Evidently, pm,(f — 9) = Pmy(f) — Pmy(g) and since @y, is a linear operator, it follows that
b(f —g) =b(f) —b(g). From this and the fact that Pa(g) satisfies (2.66) and (2.67), using
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Theorem 2.8, Theorem 2.10, and (2.39), we obtain that b(g) satisfies (2.63) and (2.64), and
hence (2.62) holds. This completes the proof of the lemma. M

By Lemma 2.13, (2.58), and (2.59) (with «; replaced by «), we obtain

[flleo,5or)s . = 1Dl (erg tr)nr = B(He, = 1 1|5
Thus the proof of Theorem 2.12 is complete. B

Several remarks are in order.

Remark 2.14. (a) If p = oo, then the B-space B¢(®) (7 := 1/«) is useful for our goals only
if @ > 1. The reason for this is that B¥(®) is not embedded in C if @ < 1. Indeed, consider
the function f := Z;’;lj*(pgj where 0; € ©,,;, mi < my < ---, and {gy,} are Courant
(or other) elements which overlap so that [|f|| & 327°, 77" = 00. On the other hand (see
(2.33)) |f|Be(e) < C(Z;ilj*T)l/T < 00, since T :=1/a > 1.

(b) We introduced the B-norms Neg ,(+) and Ng g,(-) with 0 < 1 < p (see (2.31) and
(2.37)) for the following reason. As we shall see in §3, normally o > 1, and hence 7 < 1,
which compels us to work in L, with 7 < 1 that is not a very friendly space. At the same
time, if p > 1 we can choose 1 < n < p and work in L, instead.

(c) We also want to explain why we introduce the B-spaces over locally regular (or
better) triangulations but not over more general ones. The reason is that if we relax the
main conditions (2.1) (2.2) in the definition of LR-triangulations, then we can hardly work
with the B-spaces. In particular, the equivalence of the norms (see Theorem 2.10) fails to
exist, which makes it impossible to prove all the results from §3.

General B-spaces. Given an LR(or better)-triangulation 7 and a family of basis functions
® = @7 over T as in §2.2, we define the more general B-space By, (®) = By (S), a > 0,
0 < p,q < 00, as the set of all f € L,(R?) such that

Al =L+ ([ X sarg) ") <o

meZ AET,2-m<|A|<2-m+l

with the ¢,-norm replaced by the sup-norm if ¢ = 0o, where Sa(f), is as above (see (2.22)).
Evidently, B(®) = B (®). In going further, the norms in BZ(®) from (2.31), (2.32), and
(2.37) can be generalized accordingly. In the present article, we do not explore the B-spaces
in such generality because the space scale B*(®) is sufficient for our goal of characterizing
the approximation rates of nonlinear n-term approximation from differentiable piecewise
polynomials.

Fat B-spaces: The link to Besov spaces. Suppose 7 is an arbitrary SLR-triangulation
of R%. The fat B-space B (T) with k > 1 and «, 7 as in the definition of B*(T) (§2.3) is
defined (see [38]) as the set of all functions f € L,(R?) such that
- T /T - T /T
I llssecry o= ( DDA B, 20)17) & (Y1817 w(f,2)]7) T < o0,

AeT AT
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where Ei(f,Qa), is the error of L,-approximation to f on Qa := Q4 from I and wi(f, Qa),
is the local L,-modulus of smoothness of f on Qa. (Recall that Ey(f,Qa), ~ wi(f,Q2a), by
Whitney’s theorem (2.16), since 7 is an SLR-triangulation.) Furthermore, other equivalent
norms in B2* (7)) as well as more general fat B-spaces Br (7)) can be defined as in [38].

Suppose that ® = &+ is a hierarchical family of basis functions over 7 as described in
§2.2. Assuming II;, C S,, C S¥"(T) for all m € Z (that is, k = k in the notation of §2.2),
we have for f € L, and A € T,

Ep(f,%), <c¢ Y E(f,Qa)r, which implies | f|lse(er) < ll flles (7.

AE€Tm, A'CRY

Therefore, the space B** (T is a good candidate to replace B*(®) in nonlinear spline approx-
imation, but this is only possible if 0 < o < «g for some oy < oo, which we do not compute
here. The problem with the space B**(T) is that || () < 00 only for 0 < ar < ag. (See
Theorem 2.15 in the case of regular triangulations.) Therefore, the basic norm equivalence
results (Theorem 2.10) hold only for a restricted range of . Thus, B**(T) is simply not
the “right” space for the specific problem at hand if o > «g. It is too “fat”. However, the
spaces B2* (T are still noteworthy since they are less sensitive to small perturbations of the
triangulation 7 and are technically easier. We believe that a situation will present itself
when they will be the “right” spaces.

Comparison between regular B-spaces and Besov spaces. We begin by recalling the
definition of the classical Besov space by moduli of smoothness. So, the space B;;"(Lp) =
B3 (Ly(R?)), s > 0,1 < p,q < 00, is defined as the set of all functions f € L,(R*) such that

1]

o0 dt\1/4
wan = ([ o) <o (2.69
(|If]l, is usually added to the right-hand side above), where k := [s] + 1 and wy(f, 1), is
the k-th modulus of smoothness of f in L,(R?), i.e., wi(f, 1), := supj <, [|A5(f, )|lp- Tt is
well-known that whenever 1 < p < oo, if in (2.69) k is replaced by any other k£ > s, then
the resulting space would be the same with an equivalent norm. However, the situation is
totally different when p < 1 and this is a reason for introducing k£ as a parameter of the
Besov spaces in the following.

As elsewhere, let us assume that 0 < p < co and @ > 0 or p = oo and a > 1, and in
both cases 1/7 := a.+ 1/p. Let k > 1. We define the space B?**(L.) as the Besov space
B2*(L,) (see (2.69)), where k and « are independent of each other. These are the spaces
that naturally occur in nonlinear spline approximation (see [53]).

Suppose that 7* is a regular triangulation of R? (see §2.1). Then as shown in [38],
B** (T*) = B?***(L,) with equivalent norms. (Notice that the smoothness parameters of
B-spaces and Besov spaces are normalized differently, a corresponds to 2«.)

Let us now assume that &7« = {@y} is a family of basis functions over 7* as in §2.2 such
that [I, C S,, C 8% (m € Z), where r > 0 and k > r. As we mentioned above, the fat
B-space B**(T*) and hence the Besov space B?**(L,) is a good candidate to replace the
B-space B%(®7~) in nonlinear n-term approximation from ®7+. We next spell out the exact
conditions for equivalence of the corresponding norms.
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Theorem 2.15. Under the above assumptions, if 0 < « < r+ 1+ 1/p, then
B*(Ly) = B (®7-) (2.70)

with equivalent norms. Furthermore, if a single basis function py € &7« does not belong to
C™1L, then the equivalence is no longer true when o > r+1+1/p. More precisely, for such

po and @, [l 2o, , = 00 while ||oo g,y = ool

Proof. As we mentioned before, ||f||ga@,.) < ¢||f|lpar(r+) for f € B*(T*), and also we
have || f|lgar (7+) = || f|| pzax (g > exactly as in Theorem 2.25 from [38]. Therefore,

£ llBg @7y < ellfll pzasy,, for f € BF*(L,).

The proof of the reverse estimate follows in the footsteps of the proof of Theorem 2.28
from [38] and we shall indicate only the differences. Using the conditions on ®7- and the fact
that 7* is regular, one can show by straightforward calculations that, for each 8 € ©(7™),

. { C|E0|%(1—(r—|—1)7’) DT 0 < t < |E9|1/2, (2.71)

t), <
k(o0 8 <4 | if ¢ > |Ep|'2,

Moreover, both sides of (2.71) are equivalent if ¢y does not belong to C"*!. In going further,
one uses (2.71) exactly as in [38] to complete the proof of the theorem. W

Remark 2.16. An interesting situation occurs when p = oo and r = 0. Then there is no «
for which (2.70) holds. This is the case when ®7- is the set of all Courant elements generated
by T* (a regular triangulation).

Comparison between different B-spaces and Besov spaces. Suppose @7 is a family of
basis functions associated with an SLR-triangulation 7 which allows arbitrarily sharp angles.
Then some extremely “skinny” basis functions ¢y € ®7 (with elongated level curves) will
occur. It is easily seen that such functions have huge Besov norms (see [38]) compared to their
L,-norms as well as their B(®7)-norms (see Theorem 3.2 below) for any smoothness a > 0.
Therefore, the B-spaces for such a triangulation are essentially different from Besov spaces.
The situation is quite similar when comparing two B-spaces over different triangulations.
Therefore, the B-spaces change substantially with the triangulations, thus making the search
for the “right” triangulation mentioned in the introduction a meaningful task. In contrast
to this, the standard Besov spaces can be used only to characterize the approximation power
of piecewise polynomials over reqular triangulations.

B-spaces over compact domains. B-spaces can be introduced on an arbitrary compact
polygonal domain £ C R?. A substantial difference would be in assuming that each tri-
angulation 7 of E is of the form T' = | J°_, T, where Tj is an initial level (triangulation
of F) and 71,75, ... are consecutive refinements of 7;. This approach is important for the
applications (see [39]).

B-spaces in dimensions d > 2. Multilevel triangulations and B-spaces can be introduced
in much the same way in dimensions d > 2. Of course, then the triangles should be replaced
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by simplices, thus making some geometric argumentation of this section essentially more
involved. In particular, the property (e) of a multilevel triangulation should be extended
to all faces of the simplices in 7,,, thus saying that there are at most Ny simplices in 7,
attached to a particular face. The “no hanging vertices” condition (d) should be replaced by
the condition that each facet of a simplex in 7, is a common facet of exactly two simplices
in 7,,. The minimal angle condition appearing in the definition of regular triangulations and
in (2.4) should be replaced by the shape regularity condition that postulates the existence of
an upper bound on the ratio of the diameter of a simplex and the diameter of the inscribed
sphere. In conditions (2.1) (2.3) the area should be replaced by the d-dimensional volume.

B-spaces in dimension d = 1. B-spaces can be introduced in the univariate case, but
none will give anything new and hence they are not needed. The key fact is that, in the
univariate case, the Bernstein inequality involving Besov spaces holds with no restrictions
on the smoothness parameter o < oo (see [53]).

In a nut shell, the essence of the spaces we considered in this section is the following.
The Besov spaces are based on local polynomial approximation over regular multilevel tri-
angulations, which is explicitly shown in [38]. When the regular triangulations are replaced
by SLR-triangulations, then the Besov spaces become fat B-spaces, which further evolve to
B-spaces when the local polynomial approximation is replaced by local spline approximation.

The B-spaces are closely related to certain anisotropic maximal functions, nonclassical
differentiability, and other problems, which are beyond the scope of this article.

3 Nonlinear n-term spline approximation

In this section, we assume that 7 is a locally regular (or better) triangulation of R?. Also,
we assume that ® = @7 is a hierarchical family of basis functions over T (see §2.2). Notice
that ® is not a basis; ® is redundant. We consider nonlinear n-term approximation from
® in L,(R?) (0 < p < 00), where we identify L., (R?) as Cy(R?). We let ¥, (®) denote the
nonlinear set consisting of all splines s of the form

S = Z agPe,
heM
where M C O(T), #M < n, and M may vary with s. We denote by o, (f, ®), the error of
L,-approximation to f € L,(R?) from X, (®):

on(f, ®)p = inf [[f — sl

SEX, (P)

Our goal is to characterize the approximation spaces generated by nonlinear n-term ap-
proximation from ®. To this end we next prove a pair of companion Jackson and Bernstein
estimates. We shall utilize the B-spaces B¢(®) introduced in §2. We assume that 0 < p < oo
and o > 0, or p =00 and a > 1. In both cases, 1/7 :=a+1/p (1/00 :=0).

Theorem 3.1. [Jackson estimate] If f € B*(®), then
on(f; ®)p < en (| fll 5o (@) (3.1)

with ¢ independent of f and n.
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In the case 0 < p < oo, this theorem follows by the general Theorem 3.4 from [38], in
view of the results of § 2. For completeness, we shall give its short proof in the appendix.
The proof when p = co can be carried out as the proof of Theorem 4.1 from [39] but is a
little longer and we shall skip it.

Theorem 3.2. [Bernstein estimate| If s € X, (®), then
I8l 52 (@) < cn[|s]l, (3.2)
with ¢ independent of s and n.

The proof of this (vital for our development) theorem utilizes the ideas of the proofs of
Theorem 3.6 from [38] (0 < p < 00) and Theorem 4.2 from [39] (p = oo) but is not identical
to them. We shall give it in the appendix.

For a fixed 7 and ® := @, we set K(f,t) := K(f,t; L,, B®(®)) (L, := Cp if p = 00), see
(2.55). The Jackson and Bernstein estimates from Theorems 3.1 and 3.2 imply in a standard
way (see, e.g., [55]) the following direct and inverse estimates: For any o > 0, if f € L,,
then

on(f, @), < cK(f,n %) (3.3)
and
k() < en (Il + [30 Lot ] ). (5.

where p := min{p, 1} and c is independent of f and n.

An immediate consequence of (3.3) and (3.4) is that o, (f,®), = O(n™7), 0 < v < a, if
and only if K(f,n™*) = O(n~7). More generally, these estimates enable us to characterize
the approximation spaces generated by nonlinear n-term approximation from ®. We define
the approximation space A) := AJ(®,L,), a > 0, 0 < ¢ < oo, as the set of all functions
[ € L, such that

i 1\ 1/a
1Ly =151+ (D7 ou(f, @),)'=) T < o0
n=1
with the /;-norm replaced by the sup-norm if ¢ = co as usual.
The direct and inverse estimates (3.3) (3.4) readily imply (see, e.g., [55]) the following
characterization of the approximation spaces:

Theorem 3.3. If 0 < v < a and 0 < ¢ < oo, then

AZ(‘I% Lp) = (Lp= Bf(@)),,q

QR

with equivalent norms.
In one specific case the interpolation spaces can be identified as B-spaces.

Theorem 3.4. Suppose 0 < p < oo anda >0 orp=occ anda > 1, and let 7 := (a+1/p)~ L.
Then
A4%(8, 1) = B2 (D) (35)

with equivalent norms.
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The following interpolation result is immediate from Theorems 3.3 and 3.4.

Corollary 3.5. Suppose p, «, and T =: 7(«) are as in the hypothesis of Theorem 3.4, and
let B> a and 7(8) :== (B4 1/p)~*. Then

(Ly, Bl (@)

(5) 7(0) = By (®) (3.6)

@R

with equivalent norms.

Proof of Theorem 3.4. We shall employ the idea of the proof of Theorem 3.3 in [30].
We shall use abbreviated notation: Ay := AY(®, L,), BY := BY(®), and the alike. For any
B >0, we denote 7(8) := (B+1/p) L.

We first prove the following continuous embedding:

Al C Bf(ﬁ) with g := min{7(3),1}. (3.7)

Indeed, suppose f € Aﬁ and let s, € X, be such that

1 = smllp < 20m(f)y- (3-8)

Since 0,,(f), — 0, we have f = s + > 7 (s — Sov—1) in L, (uniformly if p = 00), and
hence (p <1)

o
b s <lsill¥s + Sov — s ||F, . 3.9
7, < Il +3 oo sl 39

We apply the Bernstein estimate from Theorem 3.2 to sov — Sgv-1 € Yo+ and use (3.8) to
obtain
sz = spvallps < ¢2"|[s20 = sl < €2(00 (f)p + 02r-1(f)y)

and similarly ||51||Bﬂ(5) < c(||fllp + o1(f)p). Using these in (3.9) implies

o0

1115, = eIl + ¢y (2700 (f)y) < el Iy
T v=1
which is (3.7).
Second, the Jackson estimate from Theorem 3.1 gives the continuous embedding

Bﬂ

v C A (3.10)

A third important ingredient in this proof is the fact that the approximation spaces Ag
are invariant under interpolation (see [31, 52]): If ap,q > 0 and 0 < ¢, g2, ¢ < 00, then

(AQ, Aghag = Ay, where o = (1 — Mag + Aay with 0 < A < 1. (3.11)

qgo’

Now we choose ag and «; so that 0 < oy < a < a1 (ap := 1 if p = 00). Also, we
select 0 < A < 1 so that @ = (1 — M)ap + Aay. Furthermore, we set 7; := (o + 1/p) ' and
pj = min{r;, 1}, j =0, 1. By Theorem 2.12, we have

(B, B, = B,

70 7
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We use this, (3.7), (3.10), and (3.11) to obtain the following continuous embeddings:

AT = (A9 AR, C BY = (BL, B, C (A, AD),, = A

Ho? 1 To ?

which give (3.5). &

Algorithms. In [39], there are three algorithms developed for n-term Courant element
approximation in L, (0 < p < oo). These algorithms can be immediately adapted to non-
linear n-term approximation from any family of differentiable spline basis functions ¢+ on
a compact polygonal domain F C R?. It is an integral part of our program that using
the machinery of the B-spaces, Jackson and Bernstein estimates, interpolation, etc. devel-
oped in this article, we can prove that these algorithms achieve the rate of the best n-term
approximation. This aspect of our theory will not be elaborated on here (see [39]).

Approximation from the libraries {®7}s. An important element of our concept for
nonlinear spline approximation is the introduction of another level of nonlinearity by allowing
the triangulation 7 to vary. For a given SRL(or LR)-triangulation 7, let &7 be a family of
spline basis functions like the ones considered in §2.2. Now without changing the nature of
the basis elements from @7, we let 7 vary and obtain a collection (library) of basis families
{®7}7. We denote

Un(f)p = i171_f on(f, (I)T)pv

where the infimum is taken over all SLR-triangulations 7 with fixed parameters and we also
assume that the parameters of ®; are fixed. The following theorem is immediate from the
Jackson estimate in Theorem 3.1. We shall assume again that 0 < p < co and a > 0, or
p=o00 and « > 1, and in both cases, 1/7:= o+ 1/p.

Theorem 3.6. If inf7 || f|| pe(a,) < 00, then
on(f)p < en™ il%f | 1 B (@7)

with ¢ depending only on p, «, and the parameters of T and ®.

The ultimate open problem here is to characterize the approximation spaces generated
by {o.(f),} for a given library of basis functions {®7}.

Global smoothness of functions: How to measure it? Here we come to one of the fun-
damental questions in approximation theory (and not only there) of how the global smooth-
ness of the functions should be measured.

In the case of nonlinear n-term L,-approximation from a single basis family ®, a function
f should be considered of smoothness o > 0 if ||f||pa(@;) < 00. Then the rate of n-
term L,-approximation of f from @ is O(n™%) (roughly). If we consider nonlinear n-term
approximation from a given library of basis families {®7}+ (T is allowed to vary), then a
function f should naturally be considered of smoothness a > 0 if inf7 || f{| pa(0,) < 00, which
means that there exists a triangulation 7 := T; such that || f||pe(@,) < co. Then the rate
of n-term L,-approximation of f from the library {®}7 is O(n~%). It is crystal clear to us
that no single (super) space can do the job in this case. It is an open problem to develop an
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algorithm for finding, for a given function f, an optimal (or near optimal) triangulation, i.e.,
a triangulation 7; for which f exhibits maximal (near maximal) smoothness, using the space
scale B2 (®r,). It is also an open problem whether, for a given function f € L,, there exists
a single triangulation 7; such that, for all n > 1, the n-term L,-approximation of f from
the library {®7}7 can be realized by n-term approximation from ®7, and, consequently,
characterized by the B-spaces B2(®r,) via interpolation.

Another important related issue for discussion is the smoothness of the approximating
tool @7 := {pg} (T fixed). Clearly, in nonlinear approximation, there is no saturation,
which means that the corresponding approximation spaces A7 are nontrivial for all 0 <y <
00. Therefore, the smoothness spaces to be used should naturally be designed so that the
functions {pp} are infinitely smooth with respect to these spaces. This has been one of
the guiding principles to us in constructing the B-spaces. Thus each basis function ¢y € ®
is infinitely smooth with respect to the scale of B-spaces B*(®), which is reflected in the
fact that ||¢g||pa@) < cllpgllp, for 0 < a < oo (see Theorem 3.2). This makes it possible
that in our direct, inverse, and characterization theorems we impose no restrictions on the
rate of approximation a@ < oo (see Theorems 3.1 3.4). Also, this explains the complete
success of Besov spaces in univariate nonlinear spline approximation (see [53]) and why Besov
spaces are not quite suitable in dimensions d > 1. The latter remark needs a few words of
explanation: First, by allowing triangulations with arbitrarily sharp angles, we allow very
“skinny” basis functions with huge Besov norms compared to their L,-norms (see [38|), which
precludes the use of Besov spaces in such situations. Second, even when working on regular
triangulations, the use of Besov spaces is restricted by the Besov smoothness (regularity) of
the basis functions (see Theorem 2.15), while B-spaces impose no restrictions on the rates
of approximation.

Spline wavelets (prewavelets) and frames. In the case of uniform triangulations, spline
wavelets play an essential role in practical algorithms. It would be desirable to have com-
pactly supported wavelet (prewavelet) bases or frames generated by (differentiable) spline
basis families &7 over LR- or SLR-triangulations 7. To our knowledge there are no con-
structions of this type available, as for now. Moreover, there is some evidence that such
constructions would be too complicated and impractical for general triangulations. However,
continuous spline prewavelets on regular triangulations with uniform dyadic refinements are
available from [21, 34, 58]. (See also [47].) Evidently, nonlinear n-term approximation from
compactly supported spline wavelets or frames, generated by Courant elements or a smoother
spline basis family ®7, cannot give a better rate of convergence than nonlinear n-term ap-
proximation from ®;. We hope that efficient algorithms for n-term approximation from
such families may provide a substitute for wavelet methods in situations where the latter are
difficult to apply and, in particular, for approximation in L.

Adaptive tree approximation. This is a method for nonlinear approximation from piece-
wise polynomials on (single level) triangular partitions, which has been developed recently
in [5, 7]. In [5], algorithms are developed which achieve the rate of the best adaptive tree
approximation, while in [7] the rates of approximation are related to the smoothness of
the functions in terms of Besov spaces. There are substantial distinctions between this ap-
proach and the one in the present article. Namely, the approximation schemes from [5, 7]
use “single level” piecewise polynomials on triangulations which satisfy the minimal angle
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condition, while here we use multilevel (multiscale) piecewise polynomial bases over triangu-
lations which allow arbitrarily sharp angles. Therefore, the notion of “best approximation”
in [5, 7] is quite different from the one used here. Substantial progress has been made in [6]
in applying the adaptive tree approximation method for numerical (finite element) solution
of PDEs.

4 Construction of differentiable basis functions

In this section, we give, for any SLR-triangulation, a construction of differentiable spline
basis in S&7 r > 1, k > 4r + 1, satisfying the conditions from §2.2. In general, we follow
the scheme of [22], however, appropriate modifications in the construction and in the proofs
have to be made since we do not assume that the triangulation is regular. In particular,
we replace the standard normal derivatives to the edges by derivatives in affine invariant
directions, see the definition of D, ) below. Since our construction is also applicable to
non-nested triangulations (see Remark 4.8), we formulate the results here for a fized level Ty,
assuming only conditions (a), (d) (f), and (2.3) of §2.1 and making sure that the constants
in (2.11) and (2.12) depend only on k, r, Ny, and 0.

Nodal functionals. As before, let V,, and &, be the sets of all vertices and all edges
of T, respectively. We shall describe the basis functions for S,, = S*"(T,,), k > 4r + 1,
with the aid of the so-called nodal functionals defined on S*7(7,,). These are certain linear
functionals involving the values of the splines and their derivatives at specific points in R?.
The functional corresponding to the simple evaluation of the splines at £ € R? will be denoted
by 5&.

Of particular interest as evaluation points are the vertices v € V,,, where we also need the
derivative evaluation functionals of type 6,D¢ with e being any edge in &, emanating from
v, and 6, D¢, Df;, where eq, e; are adjacent edges emanating from v. Here D[";,ﬂs denotes the
derivative of s of order « in the direction of the interval [v, 0], weighted with the length of
[v, D], namely,

Dﬁ),ﬁ]s = (@x — 0g) Dy + (0 — Uy)Dy) 5
v=(vg,vy), 0= (0y,7y).

Note that, due to this weighting, the corresponding Markov inequality reads as follows:

1 D05l Loctoi) < €llPlliwpa, P € i, (4.1)

where ¢ depends only on £k and .

Let Ay, Ay € Ty, share an edge e. Since every s € S*7(7T,,) is continuous, the two
polynomial patches s|5, and s|a, coincide along e. Therefore, 6, D%s may be computed for
any « = 0,1,... as either 6,D%(s|a,) or 6,D%(s|a,) with the same result. Similarly, let
e, 63 € &, be two edges of a triangle A € 7, with a common vertex v. Then 6UD§1D£25
denotes the mixed derivative of s at v in the directions of e; and e, away from v. If a+ 3 < r,

this derivative is uniquely defined. If a + 3 > r, the result may depend on the choice of the
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polynomial patch of s attached to v. We follow the convention to always take 6,D% D? s :=
6,D2 D? (s|5), where A is the above triangle formed by e1, e,.

We shall also need functionals evaluating at some points on any edge e the derivatives
of the spline in an affine invariant direction not parallel to e. Let e = [vy,vy] € &, and
let A, = [v1,v9,v3] € Ty, be a triangle attached to e. Denote by p(e, A) the median of A
connecting the middle point (v; + v9)/2 of e with the third vertex vz of A. For any point
§ € e, 0¢Dye,n) Will denote the derivative at £ in the direction pointing into the half-plane
containing A parallel to u(e, AA), weighted with the length of u(e, A). For each edge e € &,
we choose one of the two triangles attached to e and denote it by A.. (Note that this
selection of A, is not unique but as will be seen it will cause no problems for the basis
construction.)

Remark 4.1. For later references, we note here that any nodal functional n : S¥7(7,,) — R
of the above type can be extended to a linear functional 7 : S¥~1(7,,) — R such that
ii(s) = n(s) as long as s € 8" (T,). Indeed, if the definition of 7 involves & for some
point & € Uecg, €, then we choose one of the triangles A € 7, containing £ and use the
corresponding value of s|a or its derivatives at £ to define 7j(s) for any s € S 1(7,,). The
only restriction on the choice of A is that it must be consistent with the above rules for
0, D¢, 6,DZ Dgz and 0¢D e n). Clearly, the extension of this type is not unique. Moreover,
convex combinations of evaluations of the restrictions of s to different triangles can also be
used.

Characterization of differentiability. Let L be a straight line dividing R? into two
half-planes H, H. Given p,p € II;, we define a piecewise polynomial function s by setting
s|lu = p, s|z = p. To check whether s is differentiable across L, we choose two points u, v on
L, as well as two points w, @ in the interiors of H and H, respectively. We set A := [u, v, w],
A = [u,v, @], e = [u,v], p = [u,w], i := [u, @], 0 := Lep, § := ZLjie. The proof of the
following lemma can be found in [17, 25].

Lemma 4.2. Let 0 <r < k. Then s € C™(R?) if and only if

|l i

5uDng—aﬁ _ i(_l)ﬁ (g) sipn® B (9 + é) (Iesiné)’g ( |e\sin6‘) 7a5uD£’Dg*ﬁp (4.2)
£=0

foralla=0,....,7r andqg=c,..., k—1.

It is readily seen that (4.2) can be reformulated as follows:

o a—B
5. DgDIp =Y (-1)(5) (oa7]) 2Lo. D DI, (4.3)

where o := sgn sin(f + ) and A* := [u,w,®]. (This identity simplifies in an obvious way
when |A*| = 0).

See [22] for a discussion of the relationship between these nodal conditions of differentia-
bility and the well-known Bernstein-Bézier conditions.
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Construction of basis splines. Consider the following set N, of nodal functionals on

Sk’r(Tm)a
Nm::< UN;)u(UN;)u( U /v,ﬁ), (4.4)
vEVm e€&m ANETm
where for each A = [vy, v9,v3] € Ty,

yAN —_
N& = {ng =20+ £€Z2n},
- . {ilvl + igvg + i3U3 .
A = 1 :

for each edge e = [vy, 1] € &,

N’T?Z = {T]Z;£ = 6£DZ(€,A6) : q = 07 M) T? 5 e Eevq}7
_ L {ilvl —+ i27)2
k—q—1

.:e,q =
and for each vertex v € V,,,

i iy tig =k — 1, il,ig,i3>r} C A,

i s =k—q—1, il,i2>2r—q}Ce,

2r
VoL v,q
N = N
q=0

with N9 ¢ = 0,...,2r, being defined as follows. Let Al = [v,v;,v;11], i = 1,..., N,, be
the triangles in 7, attached to v in counterclockwise order, vy, s = vy, and let e; = [v, v;].
We set

N#L,O = {UU’O = 5@};
Nt ={nn =0,D¢Dg  :i=1,....,Ny, a=0,...,¢q—1}, ¢>1.

€i+1
Note that A2 or N¢ might be empty for some combinations of r, k, e.g., N5 = N¢ = ()
if r=0,k=2,or N2 =0 if r =1,k = 6. This, however, does not cause any problem for
the construction below.
In view of (4.2), the functionals in A/%? are not linearly independent on S*"(7,,) if ¢ > 1.
Namely, the following conditions hold for all s € S*"(T,,), v € Vi, ¢ = 1,..., 2r:

«Q

. o] . ]
v, a\ ooa— e;|sinf; e;|sinf;_ v,
26 = S0 s 0 o () (Bea) =0

p=0

a=1,...,min{r,q}, i=1,... N,
where 0; := Zeiei1, 0, =10
The following key lemma is instrumental in constructing the basis functions.

Lemma 4.3. There is a unique spline s € S*"(T,,) such that

ne(s)=ag,  E£€Zp, AET,
ng,f(s) = ag,f’ 66 Ee,q; q = 07"'7T7 ec gm;
0 0 (4.6)
n"(s) =a"’, v eV,
Nim(8) = a; 7, i=1,...,N,, a=0,...,g—1,g=1,...,2r, v € V,,,
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for any given a?, g g a*? € R and any aZ’g € R satisfying

. o] . —«
s - — i 07, i ei— )
azl = (1) (5) sin 0+ 0) () () A, =0,

par leital (4.7)
a=1,...,min{r,q}, i=1,...,N,.
Moreover, for each I\ € T,
15[ llLm(a) < €87 max |n(s)], (4.8)

NENm (L)

where ¢ is a constant depending only on k, and

Na(2)=( U M) u (U ag)ung,
VEVmNA eSGCSK,
Proof. We first determine s|, for each e = [vy, v5] € &, using the fact that s|., as a univariate
function on the interval e, is a polynomial s, of degree at most k& — 1. Therefore, s is
uniquely determined by the following £ Hermite interpolation conditions:

_ 41,0 _ 02,0
6’0156,0 =a’" ) 51}256,0 =a™® )
_ VLYY _ ,V2,Y —
Opy DY se = a;y", 00, DYsc0 = ajy’, vy=1,...,2r, (4.9)
_ € =
6§88,0 - a[),g; 5 € —e,0)

where we assume that e is the i-th edge emanating from v, and the jth edge emanating from
V9.

We next determine s, := (DZ(e,Ae)S) le, ¢ = 1,...,7. Let A, = [v1,v2,v3]. Then
DZ(&AE) = (Dppy 0] — %D[UMZ])‘I. Therefore, for v =0,...,2r —q,

q q
00, D)seq =Y (=1)27%6,, DI DI s = (1) 2 07 (s).

Similarly, since DZ(e,AE) = (Djvy,v5] — 3 Dpus,01))%, we have for v =0,...,2r — g,

q
00, D]seq = > (—1)2746,, D) DI s

€i—1

o~

= o

= D ()27 (s) + (=1)127 5" (s).
=0

(S

o~

In addition, we have for each £ € =, 4,

OeSeq = 6§DZ(87A6)5 =05 ¢(s).
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Thus, for each ¢ = 1,...,r, the univariate polynomial s, of degree k — 1 — ¢ is uniquely
determined by the k£ — ¢ Hermite interpolation conditions

q

Op, DYseq = Z(—l)@‘eavl’q*ﬁ vy=0,...,2r —gq,

i,q—f
P
- (4.10)
6U2Dgseyq = Z(_1)£2iéa;}2—’g;’:—€ (_l)q2fqa;{;zqu+7, Y= 07 RN 2r — q,
(=0

J— e o
0¢Seq = (s £ €y,

Let A = [v1, vy, 73] € Tr, be the second triangle attached to e. We set

) ge = age; €€ Zeps
(g ¢ = Z(_l)ﬁ Z) (20| A% A AL~ 6e DI, 4,
=0
§€Eeq, q=1,...,1,
where A* := [0, vs, 03], 7 = (v; +v2)/2, and o := sgn sin(v300, + 77?6\02), where wow denotes

the angle determined by u,v,w with vertex at v. (It may happen that |[A*| = 0.) Since
A* C conv (A, U A), we have

[AHTA A < 8 A AT < 8, (4.11)

We now construct each polynomial patch s|o, A € Ty, of the spline s as the unique solution
of the following interpolation problem:

5§(S|A) - CL?, f € EAJ
65DZ(6,A)(S|A) = a;,&’ € € Ee,(h q= 07 T e C A if Ae = A7
q _ e = — 1
0¢Dyie,n)(818) = ag e, §€ g =0, e CA M A F A, (4.12)
8y (s]a) = a*?, vE N,

6, DIT*Dg , (s]a) = s a=0,....,q, g=1,...,2r, ve A,
(7 is such that e;, e;11 C A).

Since (4.12) is a standard finite element interpolation scheme for bivariate polynomials of
degree k—1 (see, e.g.,[57] or Lemma 3.7 in [25]), the polynomial s| is uniquely determined.

We now show that the piecewise polynomial s constructed in this way lies in the space
Sk (Tn), i.e.,it is r times differentiable. To this end we consider any edge e = [v1, v3] € &,
As before, let A, = [vy, vo,v3] and let A = [vg, v1, T3] be the second triangle attached to e,
and we again assume that e is the ith edge e; ; emanating from v; and at the same time the
Jth edge e, ; emanating from v,. Then we have

e1,i-1 = [v1, T3], e1;=[v1,v2], €141 = [v1,03],

€251 = [02703], €25 = [02;111], €2,5+1 = [02;173]-
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Obviously, for each ¢ = 0,...,r, DZ(6 Ae)(5|Ae)|e = 5,4 satisfies the interpolation conditions
(4.9) if ¢ =0 or (4.10) if ¢ > 0. We set

Seq = DZ

Ac)

” A)(S e
The desired differentiability of s will follow if we show that
slalles @=0,...,7. (4.13)

By (4.12) we have

0o, DIDS  (s|p) =aitl, a=0,....,q—1,q=1,...,2r,

€1,5 €1,i+1 1,00 )
qg—« « - _ v1,q — _
0, D¢ " Dg (s|a) =ali,, a=0,...,¢—1,¢g=1,...,2r

which in view of (4.7) imply

0u, D¢ DG, 1 (8lac) = 00, DETDE, L (] 2),

€1,i+1 €1,i+1

a=0,...,min{r,q}, ¢=0,...,2r

and hence
00, D) (8¢, — Se,q) =0, v=0,...,2r—q, q=0,...,r.

Similarly, we get
80, D) (8¢, — Se,q) =0, v=0,...,2r—q, q=0,...,r.
In addition, a simple calculation relying on (4.3) shows that
Sebeg= e  EE€Zey q=0,...,7,

so that by (4.12),
O¢(Seg — Seq) =0, €=y, q=0,...,1

Since 5., — 5., satisfies homogeneous interpolation conditions of a well-posed Hermite
scheme, (4.13) follows.

The uniqueness of s is clear from the above proof, since s = 0 if the numbers in the
right-hand side of (4.6) are all zeros.

It remains to prove (4.8). Since s, , satisfies the interpolation conditions (4.9) if ¢ = 0 or
(4.10) if ¢ > 0,

[SeqllLaie) < cmax{n(s) : n € NJFUNZUNTE,  q=0,....m,
where ¢ depends only on k. In view of (4.11) and Markov inequality (4.1), we have
|C~Lz,§| §06;2q||88,q||Lm(8)7 (]:0,...,7“,

and (4.8) follows by the properties of the interpolation problem (4.12), see Lemma 3.9 in
[25]. =
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For each v € V,,, and ¢ = 1,...,2r, we denote by R’? the (min{r, ¢} N, x ¢N,)-matrix of
differentiability conditions (4.5). Let the vectors

ai, J=1,...,ppq = qN, —rank(R"7),
form an orthonormal basis for the null space of R},
null(R%) := {a € R¥™ : R%%a = 0}.

For convenience, we shall use the double indices introduced in the definition of N2 also for
the components of a¥97:

@8, =1 Ny a=0,.,q1 w1)
We set
N, gq—1 .
=Y N Attt =1 pug, (4.15)
1=1 a=0

= [T J=1.. pugt, a=1,....2r

Vo = N2 U 6./\7,%"1, v E Vp,
qg=1
o= (U ) (U ) o U a2),
vEVm e€Em ANETm

and define the set B
O = {pn © 1€ Nn}
of the basis functions for S*7(T,,) by the duality condition,

1 ifp=n,
o ={ 0 it Ko o) (416)

To see that the above definition is correct we have to check that for each € N, there
exists a unique ¢, satisfying (4.16). This follows by Lemma 4.3. Indeed, since the vectors
a®%J are orthonormal, we have

Pu,q
v,q __ anaj v LIJ > — —
nm—g Qi 1=1,...,N,, a=0,...,q—1.
i=1
Therefore, for a fixed 7, the numbers

Al =" py),  i=1,..,N,, a=0,...,q—1,

satisfy (4.7), which ensures the applicability of Lemma 4.3.
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Properties of basis splines. It follows by Lemma 4.3 that every spline s € S*"(7,,) is

uniquely determined by the sequence (7(s)),cx. , i-e., s has a unique representation

s = Z Py, a, =1n(s) € R.

neN R
Furthermore, (4.8) immediately implies
star(v) if n € N% for a vertex v € Vy,,

supp ¢, C < star(e) if n € N¢ for an edge e € &,
A if n € N2 for a triangle A € T,

lonllpw ey < €057
By using Markov inequality it is easy to show that

5] o star ) if 171 € N for a vertex v € V),
() <X |IsllLastar(e)  if 7 € NS, for an edge e € &,

5]l o () if n € N2 for a triangle A € T,

with ¢ a constant depending only on k,r and Nj.

(4.17)

(4.18)

(4.19)

Thus, we showed that the basis ®,, = {¢, : 7 € N} satisfies all requirements of §2.2
with S,, = 8¥"(7,,) and k = k. (Obviously, I, C S,, and S*"(7,,) C S (Tpi1) if Toyr is

a refinement of 7,,.) More precisely, we have the following result.

Theorem 4.4. Let r > 0, k > 4r + 1. Suppose that T, satisfies (a), (d) (f), and (2.3) of
§2.1. Then the basis functions p, € S*"(Ty) (n € Nin) constructed above have the following

properties:

(a) For any s € S¥"(T,,) there exists a unique sequence of real coefficients (ay)yexs,, such

that

s = Z Ay Prs

€N
with a, = 1(s), 1 € Ny
(b) For each n € Ny, there is a verter v = v, € V,,, such that
supp ¢, C star (v) =: E,

lonll Lo @) = llonll Loy < M,
n(s)| < Mollslliwiey, 5 € SM(Ta),

where My, My are positive constants depending only on k, r, d2, and Ny.

In particular, by the proof of Lemma 2.3, we have the following stability property of ®,,.
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Theorem 4.5. The basis @, is L,-stable for all 0 < p < oo, i.e., for any sequence (aﬂ)neﬂfm’

H Z CLnSOn () ( Z Haﬂ90n||Lp RZ> :

UEW. TIEm

where the constants of equivalence depend only on p, k,r, 09, and Ny. In the case p = oo the
ly-norm in the right-hand side is replaced by the sup-norm.

The linear functionals A, : S (7)) N Loo(E,) — R, 7 € Ny, with properties
A(sle,) =n(s), s €S (Tn),

(D] < Mol| fllewiey, £ €S T (Ta)ls, N Loo(Ey),

needed in the definition of the projector @, (see (2.18)) can now be defined in a constructive
manner. Indeed, we first extend each functional n € N, to a functional 7 defined on
S%1(T,,), according to Remark 4.1, and then set

=it e (UJan)u( U we)

and
N, g¢—1 N, ¢—1
_ »4,] ~U,q 3 v,q _7 _ 4,7 ,,Us4 \ /v
)‘H_E:E:zanza if n”_i:i:zanzaGUNm'
i=1 a=0 i=1 a=0 VEVm

By (2.22), Qn can be extended to the operator @, : Li* — S""(T,) whose local
approximation power is described in the following theorem (see Lemma 2.5).

Theorem 4.6. Suppose f € L;)OC, O<p<oo(feCifp=o0). Then

Hf - mep( )HLp < CSA(f)p < CEk(fa QA)pa ANS Tm;

where Qp := Q% is the union of all triangles in T, that have a common vertex with /\, and
the constant ¢ depends only on p, k,r,d,, and Njy.

To show that the assumption that the triangulations 7, satisfy (2.3) cannot be omitted,
we consider the following example.

Example 4.7. Suppose T, has an edge e = [v, u] with two triangles A = A, = [v, u, w] and
A = [v, u, @] attached to e, such that u = v+ (27Ma,0), w = v+ (—a, a), © = v+ (—a, —a),
where the positive numbers M, & depend on m. Evidently, |conv (A UA)|/|A| = 2(2M +1),
and (2.3) will be violated if M grows unboundedly with m, while the maximal angle of the
two triangles is 37 /4, thus allowing the maximal angle condition (2.5) to hold. Note that
such configurations of triangles are possible for a sequence of levels of an LR-triangulation 7
with the corresponding M’s tending to infinity, see §2.1 of [38]. Choosing k =6 and r =1,
we consider the basis functions ¢, € 8% (7,,), n € N, constructed according to the above
algorithm. We next show that the basis ®,, = {¢, : 1 € Nm} is instable, i.e., Theorem 4.5
does not hold for it. (Therefore, neither ®,,, nor a renorming of it satisfies the requirements
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of Section 2.2.) More precisely, we show that the constant function Ig:(z) = 1, x € R?, does
not have an L..-stable expansion with respect to ®,,. We have

| 1re| Lo, m2) = 1, Ig2 = Z n(1r2) ey
n€Nm

Now choose = n"* =6, € N%0. Since n(1gz) = 1, the instability of ®,, will follow if we
show that ||| 1. (r2) is unbounded as M — oo. By (4.12),

56 (e, A (<P77|A) :dfg
_2|\A |5§D1880 - |A |5§Se 1,

where § = (v+u)/2, A* = [§,w, W], Se,0 = Pyle, Seq = (D/i(e,Ae)SOW)LZ' Obviously, |Al/|A.| =
1, and ~
A7) = (jeony (8,0 &) - 242 A, =241 41

The univariate polynomial s, of degree 5 is determined by the Hermite interpolation con-
ditions (4.9) that take in our case the form

1 2 1 2
61,8870 = ]., 6use,0 = 6uDese,0 = 6uDese,0 = 6’UD688,0 = 6UD353,0 =0.

An elementary computation shows that d¢Dts.o = —15/8. By (4.10), we immediately get
0gSe = Cff,g = 7713,6(90,7) = 0. Thus,

15

6§Di(e,A)(%|A) = Z(QMH +1) > 00 as M — oc.

In view of Markov inequality, ||oy||L. @) > c|6§D;(e A)(<p77|A)|, and we get the desired un-
boundedness of ||¢yl| L. (r2) for sufficiently large M.

Remark 4.8. It is clear that Theorems 4.4 4.6 are valid for any sequence of levels 7,
satisfying the hypotheses of Theorem 4.4, i.e., nestedness and other additional assumptions
on {7} stated in § 2.1 are not needed for these results.

Remark 4.9. It is an important property of the basis functions ¢, constructed above that
they are invariant under affine transforms. More precisely, let 7, satisfy the hypotheses
of Theorem 4.4, and let A : ]R2 — R? be an affine transform. We set A(7,,) = {A(A) :
A e Ty}, and An( ) = 0a) )Df‘( .y for each nodal functional 7 of the form 7(s) =

0, D¢, Dﬁ s, and extend the operator A linearly to the linear combinations of the nodal
functlonals such as those occurring in (4.15). Then, clearly, the sets of nodal functionals
N, and N4 defined by (4.4) for 7,, and A(T,,), respectively, satisfy N4 = {An : n € N,,}.
(We used here, in particular, the fact that p(A(e), A(A.)) = A(p(e, Ae)).) Moreover, since
the matrices R;;? of the differentiability conditions (4.5) are affine invariant (see (4.3)),
we also have N4 = {An : 1 € N,,} for the appropriate sets N;,, N4 defined as in the
construction above, provided we choose the same orthonormal vectors (4.14) in both cases.
Let now ®,, = {¢, : 7 € N} C S¥(T,,) and @4 = {p4, : 1 € Ny} C S (A(T,)) be
the spline bases dual to N, and NTZ‘, respectively. Since ¢, (A-), n € N.,., obviously satisfy
the same duality relations, we conclude that pa, = ¢,(A-), 7 € N,,, which is the desired
affine invariance.
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Remark 4.10. Our construction is extendable to the spaces S¥7(T,,), k > r2¢ + 1, in
dimensions d > 2. To this end the algorithm given in [22] should be extended to SLR-
triangulations in R?. In particular, the orthogonal directions of derivatives used in [22]
should be replaced by appropriate affine invariant directions.

Remark 4.11. If the triangulation covers only a compact domain £, then usual modifica-
tions of basis functions corresponding to boundary edges or vertices (see [22, 23]) lead to the
desired stable local bases.

Remark 4.12. In this section, we extended to the setting of SLR-triangulations the bivari-
ate version of nodal stable local basis construction of [22, 23], which was originally designed
for regular triangulations. The scheme from [27] can be used as an alternative means of
constructing stable local bases for S¥7(7,,), k > 3r + 2, in dimension d = 2. Such a devel-
opment would take advantage of the affine invariance of the Bernstein-Bézier representation
of piecewise polynomials. We elected to utilize the scheme from [22] instead, since it is
available for any number of variables and allows an effective numerical implementation as
shown (for r = 1,2, d = 2) in [23]. Also, we want to pay heed to two more spline basis
constructions (for regular triangulations in dimension d = 2) that allow the same kind of
extension to SLR triangulations: (a) stable local bases for S®'(T,,), k > 5, constructed
in [26]; (b) locally stable bases on nested triangulations (k > 4r + 1) [24]. Note that the
stable local bases for superspline subspaces of S*"(7,,) [16, 17, 44, 57] cannot be used since
these spaces are not nested for nested triangulations, while the earlier local spline bases for
Sk (T [1, 8, 18, 35, 36, 48] are known to be unstable for certain triangulations.

Remark 4.13. It is easy to see that, in the case r = 0, the above basis reduces to the classical
Lagrange finite element basis for S¥9(7,,), k > 1. Since d, disappears from (4.8) when r = 0,
Theorems 4.4 4.6 hold for locally regular triangulations, i.e., the SLR assumption (2.3) is not
needed in this case. (Note that d, and Ny completely disappear from Theorem 4.4, and J, is
replaced by d; in Theorems 4.5 4.6.) For r = 0, k = 2, we get the Courant elements, and the
only essential difference to the construction from [38] is that we rely here on the extensions
of linear functionals described in Remark 4.1 rather than on the explicit quasi-interpolant
for continuous piecewise linear functions adopted in [38]. Both approaches obviously lead to
the same B-spaces.

5 Spline bases on special triangulations

There are several constructions of differentiable spline bases fitting into our scheme that
are only available for specific multilevel triangulations. Since these triangulations have a
special structure or even are uniform, the corresponding libraries {®7} of bases are not
as rich as the one of the previous section associated with arbitrary SLR-triangulations.
Moreover, the necessity to maintain the structure of the triangulation highly reduces the
variety of refinement methods that can be used (whereas, e.g., local refinement by bisection
can be used with bases on arbitrary triangulations.) On the other hand, bases on special
triangulations usually allow a smaller degree of piecewise polynomials for a given order of
differentiability as well as a simpler and more efficient practical implementation.
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In this section, we review some known constructions of this type. (Note that only box
splines are available for more than two variables.)

5.1 Box splines

As usual, we consider only splines of two variables. Let = = [& ---&,] be a full rank 2 X n
matrix with columns & in Z?\ 0. The boz spline Mz : R* — R? associated with = is defined
by its Fourier transform

~ " 1 — —i&yu
Mg(u):HZ;T, ueR?,

v=1

where &,u denotes the inner product of the two vectors.
We now review the basic properties of box splines (see [9]), in order to verify the require-
ments of § 2.2. It is well-known that Mz has a compact support,

supngz{Zt,,f,, : Ogtl,gl}. (5.1)
v=1

The box spline basis functions at the mth level are defined by
Pmg=Mz(2" - —j),  jETL.

We set,
O ={om; : JEL*}, mel,

and
S, = { Z U, jPm,j @ Omyj € R}, m € 7,
jEL?

where the series converges everywhere since for every x € R? and m € Z only a finite number
of ¢mj(z) (j € Z*) are nonzero. Clearly, any affine change of variables @ : R? — R? gives
rise to basis functions ¢, j(Qz) that satisfy the conditions of § 2.2 if and only if the ¢, ; do.
Therefore, we do not distinguish between constructions that can be transformed into each
other by such a method.

Since . '
Mz=(2u) ﬁ 1+ e v
ME(U) v=1 2 7

Mz is a finite linear combination of M=(2 - —j), j € Z*, which implies that
S C S, m € 7.

Let
r(Z) := max{r : any 2 X (n — r) submatrix of = has rank 2} — 1
and
k(Z):=n—1
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The elements of S, are 7(Z) times differentiable piecewise polynomials of degree k(=) — 1
with respect to the rectilinear partition 7> of R? determined by the straight lines

H, +27™j, jEeZ? wv=1,...,n,

where

H,:={t, : teR}.
Thus,

Sm C Sk(E),r(E)( E)‘
Moreover,

H]E(E) - Sm, m € Z,

and Il =)y ¢ S, where
k(Z) =rE) +2.

It is well-known that the translates of a box spline are not always linearly independent.
In fact, ®,, is a basis for S, (m € Z) if and only if the matrix Z is unimodular, i.e.,each
nonsingular 2 x 2 submatrix of = has determinant £1. This condition implies substantial
restrictions on =. Namely, up to an affine change of variables, = must have the form

= = 6]_"'6]_62"'6263"'63,
L,_/H,—/&,_j

ni n2 n3

0

1], e3 = [H,nl,ng >1,n3 > 0, and ny; + ny + ng = n. It is easy to

where e; = [(1)], €y = [
see that

r(Z) = n — max{ni, ny,ng} — 2

and that 7.7 is either a tensor product mesh if n3 = 0 or a three-directional mesh T4 defined
by the straight lines z; = 27™j, 19 =274, 11 — 1o = 27§ (j € Z?) in R? if nz > 1. Since
only the latter case leads to a multilevel triangulation, we assume that nz > 1.

It remains to verify (2.10) (2.12). By (5.1), the support of Mz is the hexagon with
vertices (0,0), (n1,0), (0,n2), (n1 + ns3,n3), (n3,n2 + n3), (ny + ns, ng + nz), which implies
(2.10) with ¢ < [n/2]|. Obviously, (2.11) is valid with M; = ||Mz||.,, . Finally, it is easy
to show (2.12) by using the constructions of dual functionals \; : Sy — R (j € Z?*), with
)\j(QDO,k) = 0j .k, given, e.g., in [19, 37, 41]

Let us mention the following two cases that are perhaps most relevant in applications:

(@) ni=ny=2, nzg=1, §,C 84’1(7'77(11)

)7 = 37
(b) npy = MNg = N3z = 2, Sm C 85’2(7'77(11)), ];Z =

>

5.2 Other spline bases on uniform triangulations

There are some other spline basis constructions for the three-directional mesh T,S), see, e.g.,
[15, 56]. However, to our knowledge, none of them simultaneously satisfies the requirements
of nestedness of the spaces, stability, and locality of the basis functions. The situation is
better for the four-directional mesh T2 obtained from T,5” by adding the straight lines
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Ty + Ty = 27™j (j € Z?). Since T is a special case of a so-called FVS-triangulation (see
Section 5.3), finite element bases for 84’1(7}(3)) are available and satisfy the conditions of
Section 2.2. Some recent alternative constructions of stable local bases for 54’1(7}(3)) can be
found in [13, 28, 42, 49]. Moreover, a stable local basis for 87’2(7'”(12)) is also constructed in
[28]. Finally, we want to mention the stable local basis from [33] for C' quadratic splines with
respect to a sequence of triangulation levels that can be called the siz-directional meshes.

5.3 Refinable composite finite elements

Multilevel and hierarchical bases play an important role in the modern theory and practice
of numerical methods for PDEs, see, e.g., [51]. Classical smooth finite elements [14] give rise
to stable local spline bases on triangulations satisfying the minimal angle condition. (Note
that it should be possible to replace this condition of regularity with SLR.) However, there
are difficulties in using them to build nested spline spaces on multilevel triangulations, see
[11, 20]. Although the “polynomial” finite elements (e.g., Argyris element) are available for
arbitrary triangulations, they lead to superspline spaces [57] that lack nestedness for nested
triangulations (levels in the terminology of our § 2). In contrast to them, “composite”
finite elements require a special structure of the levels 7,,, e.g., a Clough-Tocher or Powell-
Sabin split, which is not always compatible with nested refinements with other desirable
properties like boundedness of the valence of the vertices. In fact, we are aware of only two
cases when composite finite elements are refinable, i.e., provide stable local bases for certain
multilevel triangulations. First, this is true for the triangulations obtained by the Powell-
Sabin 12-split, see [50] for the relevant construction of stable local bases for C' quadratics
and cubics. The other case is that of F'VS-triangulations obtained from arbitrary srictly
convex quadrangulations by adding two diagonals of each quadrilateral, see, e.g., [20, 43].
Here, a well-known composite finite element due to Fraeijs de Veubeke and Sander gives
rise to a stable local basis for C' cubics, while for higher orders of differentiability only
non-nested superspline-type constructions are known [40, 45, 46].

6 Appendix

Proof of Theorem 2.9. Denote briefly N := (3¢ [|col7)"/".
Case 1: 0 <p < 1. Since 7 < p <1, we have

S lawOl| < (S llawolr) ™ < (3 leweoly)
Hae@ P 9cO pyry

Case 2: p =o00. Since 7 = 1/a < 1, then (2.42) is obvious.
Case 3: 1 < p < oo. We need the following lemma:

Lemma 6.1. Let g := Y.\ |cowy|, where #M < oo and ||copy||, < L for 0 € M. Then
lglly < eL(#M)"?

with ¢ independent of M and (cy)gepm-
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Proof. Using the properties of ®, we have (recall that suppp, C Ey := star‘(vy) and
190ll00 & [Eol [0l by (2.14))

Il < || 3 llewpolloo - 12y O)| < L 3 1201777 15 ()]

We define E := (Jyc\ Ep and E(x) := min{|Ey| : § € M and Ey > x} for v € E. By the
properties of the LR-triangulations, it follows that

Z || M7 1, (z) < cE(z) YP1p(z), z€R2.
deMm

On the other hand,

-1 _ -1 -1
E(@)™ =, max |Ep|™ < > 1Ep| T L, ().

oeM
Therefore,
~1/p 1 1/p
lglly < LEC) 7|y, = cL( [ E(x)™ de)
E
1/p
< cL<Z|E9|1/ L () ) = LM, m
heM R?
We define

F={0:27"N < ||coippll, < 27#TINY,
where N := (3¢ llcool[7)*/". Then

UF =10 lleogall, = 27N}

v<p

and hence

#r <Y #FR=#(JR) <2, (6.1)

v<p v<p

We set Fj, := > g5, |copp|. Using Lemma 6.1 and (6.1), we obtain

[t < | SR0], <3 1B < X2 NGR)
= P §=0 Pu=o =0
< CNZZ_“(I_T/”) < CNZZ_“TO‘ < ¢N.

#=0 1=0

This completes the proof of Theorem 2.9. ®

Proof of Theorem 3.1 (Case 0 < p < oo). Suppose f € B¥(®), where a > 0,
1/T=a+1/p, 0 <p < oo. By (2.40), f can be represented in the form f =", o bypy with
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the series converging absolutely a.e. in R* and in L,. We denote briefly N(f) := N o, (f) :=

(X gco 1boealls) ™ ~ 11 £l B2 (@)-
Suppose that (by, 0y, )52, is a rearrangement of the sequence (byp)gee such that ||bg, wg, ||, >

||b929092||11 > -+ Set sy, = Z?:l bngOHJW Sn € En(q))
Case 1: 0 < p < 1. To estimate ||f — s,||, we shall use the following simple inequality
[38]: If &1 > w9 >--->0and 0 < 7 < p, then

> 1/ > 17
( Z xf) ! Snl/p’l/T(Zx;-) . (6.2)

We use Theorem 2.9 and apply (6.2) with x; := ||bg, g, ||, to obtain

> /
< (3 lgenl)
b j=n+1

iy 1/7
< (3 g pally) =N (),
j=1

15— sl < || 3 Boysul

Jj=n+1

which proves Theorem 3.1 in Case 1.

Case 2. 1 < p < oo. We proceed quite similarly as in the proof of Theorem 2.9. We set
Fu=1{0:27"N(f) < [[boolly < 27#HN(f)} and Fy := 37y [bosp|-

Fix m > 1 and set M := [2"7]. As in the proof of Theorem 2.9 (see (6.1)), #F,, <
Yo #F, < 2™ < M. Using Lemma 6.1, we obtain

lr=suly < || 2 £ < SRLAL
p=m+1

p=m+1

S ¢ i 27“N(f)(#fu)1/p§CN(f) i 2*/1(177'/1))

p=m+1 p=m+1
< eN(f)2 T < e MCYTHYPN(f) = eMON(f).

This estimate readily implies (3.1). H

Proof of Theorem 3.2. Step 1. With this step we lay some groundwork that is needed for
the proof of the Bernstein inequality. Let 7 be an arbitrary LR-triangulation and suppose
A is a finite subset of 7. The set A generates a certain tree structure that we want to bring
up in what follows.

We say that A € T is a branching triangle if at least two children of A have descendants
in A. Let A denote the extension of A obtained by adding all branching triangles and all
children of branching triangles if they are not already in A. By considering the tree of the
ancestors of all triangles in A, it is not difficult to see that the total number of branching
triangles does not exceed #A — 1. Since the number of children of a triangle is bounded by
My, we conclude that #A < ¢ #A.

Furthermore, for a later use in Step 3, we call A € T\ A a chain triangle if at least
one of its descendants belongs to A. The set of all chain triangles will be denoted by I'. By
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construction, for each A € I' there is a unique largest triangle A € A contained in A. We
set K := A\A and fin = m — 1, where A € T, and A € T;,. We denote by [ the
set of all A € I' for which there is a A’ e A containing A. It is easy to see that [ is the
disjoint union of finite chains, i.e.,sets A of the form A = {Ay, ..., A} C T (v > 1), where
AYD AL DDA, D A for some A, AT € A, and A is a child of A%, A is a child of
ANy, v=2,...,v,and A is a child of A,. Similarly, I'\ I is the disjoint union of infinite
chains A ={...,A_9, A_1} C T, where --- D A_y D A_; D A, for some A\ € A, and AV
is a child of A;_;, v = —1,-2,..., and A, is a child of A_;. We let £ and £> denote the
sets of all finite, respectively, infinite chains in T'. Clearly, #£ < #A and #L£° < #A.

Step 2. For the proof of the theorem in the case 0 < p < o0, we need the following
lemma.

Lemma 6.2. Suppose s = Y o) 1a - Pa, where Py € 1, (K > 1), A C T with T an
LR-triangulation, and #A < oo. Then

(1A lsl) < @A sl

AEA
with ¢ independent of s and A.

Proof. We adopt all necessary notation from Step I above with A from the hypotheses of
the lemma. Since #A < ¢#A and s = Y nci Lo Pa, where Py = 0 for A € A\ A, we may

assume without loss of generality that A = A, i.e., the branching triangles and their children
are contained in A.

Let Aq,..., /A, be all non-branching triangles in A. It is not difficult to see that for each
of them there are only two possibilities: either A; does not contain any other A € A (in
which case we call A; a final triangle) or there is a unlque largest triangle A; e A strictly

contained in A;. We define the rings K; = £;\ Ay, i = ,m, where A; := () for a
final triangle A;. Obviously, K; have pairwise disjoint interlors, and sk, = R| ; for some
P, € 1ly, : =1,...,m. Since all children of branching triangles are in A, we have for each
A €A,

m m

U Kz and S|A: Z ILKIPz

Aii:CA Aii:CA
Therefore,

DAl ) = Y 1A Z 18117, i

AeA A€EA
ACA
m
= D sty D 1A
i=1 AEA, ADA;
m
= D Isln ™ >0 (Al 1A
i=1 AEN, ADA;

m
CZ (BT A
i1
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where we once switched the order of summation and used (2.9). Since |A;| < p|A;|, we have
by Lemma 2.2,
P2,y = KB 0 = 18P Ly

which implies [|s||7 )[4 2 [[s]l7, k), ¢ = 1,-..,m. Now by Hélder’s inequality,

- - T/p — aT T
IslIZ, ) < Isl7, i,y ) ' 72 < FA)|Is]l7,
p(K3i)
i=1 1=1

and the proof is complete. H

Step 3. Let s € X,(®) and suppose that s =: >, copp, where M C O(T) and
#M < n. Let A be the set of all triangles A € T which are involved in all Ey := supp g,
0 € M. Then s = ) ., 5a, where sp =: 1a - P, Pp € 1l Evidently, by (2.7), #A <
*(No, £) #M < en.

We first extend A to A as in Step 1 above and introduce some auxiliary sets of triangles
needed for the forthcoming arguments. We set

A= {AeT,: Q%D A forsome A e ANT,,},
A= (A eT,: Q% D A for some A e ANT,}, m € Z,

and also

A= U Ar A= U A

meZ meZ
Note that A, A’ € T,, and A" C Q4 imply A C Q%,, and hence

A ={AeT,:AcQl forsome A€ ANT,}.

Therefore, by (2.8), #f\;‘n < ¢*(Ny, 0) #(A N Tm), and it follows that #A* < cn. Similarly,
#H#AN < *(Ny, 20)(#A) < cn. It is clear that A C A* C A*.
We now proceed to estimate [s|ja ) = Do acr [D[7*Sa(s)]. Let

Sm = Z Z CoPo, m € Z.

u<m deMno,

Then s, € S, and hence Sa(s); = SA(s — spm)r if A € T, For each A € T, we shall use
one of the following two obvious bounds for S (s),:

Sas)r < Ilsll.a
Sa(s)r < ls—suliyy DETm (6:4)

Namely, (6.3) will be applied to the triangles A in the set A* C T defined above, while (6.4)
will be used for all remaining triangles in 7.
For the next estimates, we shall consider separately the cases 0 < p < co and p = oo.
Case 1: 0 < p < co. We consider two possibilities for each A € T: A € A* or A € T\A*.
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(a) If A € A, then for each A’ € T, such that A’ € Q4 we have A’ € A** and, in view
of (2.2), |A'] < c|A| Hence, by (6.3),

Do IAresals); < Yo A >0 sl

NS NS AeRzy, ATCQY

25 N NN VXl e P [

A€y, Nelyr, ACOb

= c > 1A sl an

A'eNz: A€l Q4o

< e Y AT slz

Alelzy

IN

where we have switched the order of summation and taken into account the fact that #{A €
Ar, s QA DAY =#{A e, 0 A C QLT < (N, (), by (2.8). It follows that

D IASA(s); < e Y AT (o)

INS& AeA**

< e #A) sl < en sl (6.5)

where we applied Lemma 6.2 to s with A replaced by A**, which is obviously legitimate since
A DA

(b) Now suppose A € T, \A#,. Then Q4 = Uj2, A for some A € To\A, i =1,...,nn,
with na < ™ <3N (see (2.8)). We have, using (6.4),

Sa(s)r =Sals r < ZHS smllz,(a, (6.6)

If Aj ¢ T, then it has no descendants in A, and hence s|o; = s,|a,, and
Is = smll.a) =0, A;¢T. (6.7)

Suppose A; € I', i.e., it is a chain triangle. Let A be the unique largest triangle of A
contained in A], and let KA =N, \A and pa; = m—m be defined as in Step 1. It is clear
that in this case S|KA]- = sm|KA]_ = ILKA]_ Pp; and sp|a; = 1a; - Pa, for some Pp; € 1.
Therefore,

Is = smllL,ay) = lIs = smll}, .y < cllslly, ) +ellPall 2

IfA; el T, then clearly Smla,; = 0, and we have
Is = sulleoap = Islle,a;, &5 €D\T (6.8)
Assume that A; € I'. By Lemma 2.2,
1Pa 17 a < 12312 Tay) < el 5P i)
< DA TP, < ADMANT SN 0, -
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By (2.1), |A,| < p"2i|A;|, and we arrive at the inequality
15 = smllz, 2, < €llslly, a,) + cphsi |Aj|om—||5||£p(KAj)7 Ajel. (6.9)

From (6.6) (6.9) and (2.2), we obtain

Z IA7YSA(s)] = Z Z |A[TS a(s)7

AET\A" MmEL ATy \Aj,
< ey AT )+ e D Pl )
NS N NS ¥
=: E]_ + 22.

Trivially,
HSHL,(A) < Z 15|z, (an, Ael.

NeEN,N'CA

Switching the order of summation, we find

1< ey lslliany D 1A

A'EA AET, ADA!

< e sl anld D0 (A AT (6.10)
AeA Ael', ADA

< e D> AT s an < cF#A) IS,
AleA

where we also used (2.9) and applied Lemma 6.2 to s with A replaced by A. .
To estimate Yo we shall use the representation of I' as a disjoint union of chains: I' =
Usez A Let A € £ and suppose A = {Ay,..., A}, where AY D Ay D ---D A, DA} with

N\ AY € A Then pa, > v —i+ 1. Therefore,
Z Pelslimsy < IsliLaman Z p I < ISl s
s i1

where K, := A\ A). It is easy to see that the sets K, A € L, have pairwise disjoint
interiors. Summing over all A € £, we obtain by Holder’s inequality

7/p —T Aot T
By < e Y lsllzy e < e X0 lsllh ) HLMT7 < A sl
AeL AEL
From this estimate and (6.10), we find
Y 1A TSale); < cHN)Y(Is]l; < enls]l;-

AeT\A*

Combining this with (6.5) gives ||s[|5a ) < cn®”||s[[}, i.e., (3.2) holds.
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Case 2: p = oco. The proof in this case is easier. We consider as before two possibilities
foreach A€ T: A e A" or A e T\ A
(a) For A € A*, we obtain by (2.2)

(AT a(s); S TATMSIE gy < TAITHQANIsNS < cllsllz

Therefore,

D IA[TSa(9)] < ellslT (#AY) < enlls|%. (6.11)
N

(b) Let A € T \ A%, Then Q4 =: U2 A for some A; € T, \ A, j =1,...,na, with
na <™ <3N (see (2.8)). We have (see (6.4))

na

Sa(s); =Sals = sw)y < Y s = sullL(a,)-

=1

As in Case 1, if Aj ¢ T, then [[s — su||p,(a;) = 0, and if A; € T, then S|KAj = Smlka, =
ILKA], - Pp; and s,,|p; = 1p, - Pp, for some Py, € I1j. Therefore,

Is = sullfay = lls—sal] s,
< BNl + 1P, 1 _a,)) < el sl

where we used the inequalities [|Pa, [, a,) < [[Pa;llLe(a;) < CHPA]-HLOO(KAj) < |||l (se€
Lemma 2.2). From the above, we infer by (2.2)

A8 als)] < clsIl% > [A1/1851,

1<j<n, AjEFﬂTm

and hence, using (2.2) and the fact that each A’ € I' N 7Ty, can belong to < ¢ sets Q4 , we
obtain

Y. 1ATSal)r < dlslin Yo [Al/1A

AETm\Ax, AelNTm

< sl Yo o

Ael'NTm

Summing over m € Z, we find

Yo 1AITSas)T S ellslli Y oo < ellslln (L + #L™) < enlls||%.

AET\A* Ael

We couple this with (6.11) to obtain [[s||}a ) < cnl|s|[%,, which is (3.2). =
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